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ABSTRACT 

The r a d i a t i o n  f r o m  an e l ec t ron  i n  a homogeneous magnetoplasma has 

some unusual p r o p e r t i e s  as a consequence of t h e  d i s p e r s i v e  a n i s o t r o p i c  

n a t u r e  of t h e  medium. Attent ion i s  confined t o  emission i n  t h e  ord inary  

( w h i s t l e r )  mode frequency band below t h e  cyclotron resonance znd t h e  ex- 

t r a o r d i n a r y  modeifrequency band around t h e  plasma frequency where t h e  

i n d i c e s  of r e f r a c t i o n  are appreciably g r e a t e r  than one and vary s i g n i -  

f i c a n t l y .  

over  a l i m i t e d  band of n o n r e l a t i v i s t i c  energ ies .  

which is generated by t h e  gyra t ions  of e l e c t r o n s  is complicated a l s o  by t h i s  

p o p e r t y  

than  l i e h t "  motion and anomalous emission due t o  " f a s t e r  than l i g h t "  motion. 

In  t h e  ord inary  mode, f o r  example, t h e  anomalous cyclotron r a d i a t i o n  is  

emi t ted  i n t o  t h e  forward hemisphere with r e spec t  t o  t h e  guiding c e n t e r  motion 

of t h e  e l e c t r o n  whereas t h e  normal r a d i a t i o n  is emit ted i n t o  t h e  backward 

hemisphere. b h i s  paper t h e  frequency s p e c t r a  and a n p l a r  p a t t e r n s  of t h e  

averape r a d i a t e d  power are ca lcu la ted  by t h e  Hamiltonian method which avoids  

a d i r e c t  c a l c u l a t i o n  of t h e  complicated e lec t romagnet ic  f i e l d  vec tors .  

t heo ry  of emission i n  d i s p e r s i v e  an i so t rop ic  media w i t h  a hermit ian d i e l e c t r i c  

h e  t o  t h e  l a r g e  ind ices  e l e c t r o n s  can emit Cerenkov r a d i a t i o n  

The cyc lo t ron  r a d i a t i o n  

af t h e  medium which permits both n o m a 1  emission due t o  "slower 
* 

The 

t e n s o r  by Kolomenskii and Eidman is thoroughly reviewed and extended t o  include 
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r e l a t i v i s t i c  ene rg ie s ;  t h e  complicated a n a l y t i c  formulas f o r  t h e  power 

are eva lua ted  €or  s e v e r a l  s p e c i a l  cases; and the r e s u i t s  a r e  a p p l i e d  t o  
A 

r e c e n t  i n t e r p r e t a t i o n s  of very l o w  frequency (VLF) and low frequency (LF) 

emissions from e l e c t r o n s  i n  t h e  magnetosphere. '+, The main conclusions of t h e  

work are a s  fol lows:  1) In  t h e  ordinary ( w h i s t l e r )  mode most of t h e  energy 

is r a d i a t e d  along wave normals st la rpe  angles  t o  t h e  magnetic f i e l d  a t  

__- " "  

f r equenc ie s  o t h e r  than t h e  r e c t i l i n e a r l y  Coppler-shifted funsamental  cyclotron 

harmonic which is con t ra ry  t o  assurrptions of c e r t a i n  VLF emission theo r i e s .  

2 )  The resonance s i n g u l a r i t i e s  i n  t h e  ind ices  f o r  a co ld ,  c o l l i s i o n l e s s  

plasma must be e l imina ted  t o  achieve f i n i t e  power l e v e l s  bu t  un fo r tuna te ly  

t h e  d i e l e c t r i c  t e n s o r  f o r  thermal  motion is extremely complex and f o r  col-  

l i s i o n s  is  non-hermitian; consequently,\an a r b i t r a r y  upper l i m i t  is  imposed on 

t h e  i n d i c e s  i n  o rde r  t o  make a q u a n t i t a t i v e  e s t ima te  of t h e  power. 3 )  Based 

on t h i s  approximation t h e  t o t a l  power i n  t h e  ord inary  mode i s  a slowly 

vary ing  func t ion  of frequency and e l ec t ron  energy with an averape l e v e l  

of w a t t s / ( c / s )  p e r  e l ec t ron .  4) This  l e v e l  is inadequate t o  exp la in  

observed VLF simals on t h e  b a s i s  of incoherent  emission, bu t  coherent emission 

from bunches of e l e c t r o n s  can give t h e  observed power l e v e l  of 2 watts/cm 

(c / s )  above t h e  ionosphere;  hence, t h e  onus of e x p l a i n h e  t h e  complex d i s -  

pers ion  p a t t e r n s  of VLF emissions is l e f t  t o  t h e  coherence mechanism. 5 )  The 

r a d i a t i o n  i n  t h e  qxt raord inary  mode v a r i e s  considerably with frequency and 

energy but  an average power l e v e l  is on t h e  order  of 1 0  w a t t s / ( c / s )  p e r  -2 5 

e l e c t r o n  which s t i l l  r e q u i r e s  some coherence t o  eenera te  t h e  observed 

l e v e l  above t h e  ionosphere;  however t h i s  enerpy cannot p e n e t r a t e  t h e  ionosphere 

t o  account f o r  t h e  d i spe r s ion  observed by ground-based r e c e i v e r s .  



. 

1. I I ITFGCUCTI GIJ 

The problem of r a d i a t i o n  from an e l e c t r o n  i n  a plasma i n  a hornoreneous 

magnetic f i e l d  occurs  i n  as t rophysics ,  radioastronomy, thermonuclear physics ,  

and magnetospheric physics.  Due t o  t h e  d i spe r s ion  a n d  m i s o t r o p y  of t h e  

magnetoplasma, t h e  emission from an e l e c t r o n  moving alone a h e l i c a l  tra- 

j e c t o r y  has  some very unusual p rope r t i e s .  The a n a l y s i s  is r e s t r i c t e d  t o  

t h o s e  frequency bands i n  t h e  ordinary and ex t r ao rd ina ry  mo2es where t h e  in -  

d i c e s  are appreciably g r e a t e r  than one. 

dium by t h e  e l e c t r o n i c  charge produces Cerenkov r a d i a t i o n  when t h e  l o c a l  

The p o l s r i z z t i o n  in6uced i n  t h e  m e -  
t 

phase v e l o c i t y  is  less than t h e  p a r t i c l e  v e l o c i t y ,  and a c c e l e r a t i o n  due t o  t h e  

o r b i t  gy ra t ions  of t h e  charge produce cyclotron r a d i a t i o n  which is  appreciable  

i n  t h e  low-order harmonics a t  Doppler-shifted frequencies .  The cyclotron ra- 

d i a t i o n  c o n s i s t s  of a "normal" emission i n  which t h e  source moves slower than 

t h e  l o c a l  phase v e l o c i t y  and an "anomalous" emission i n  which t h e  source roves 

faster. 

The gene ra l  n o n r e l a t i v i s t i c  forrrulas f o r  t h e  freauency spectri l  an? 

p o l a r  diagrams of t h e  power r ad ia t ed  by g y r a t i n p  e l e c t r o n s  i n  a magneto- 

plasma have been given by Eidman (1958). 

work by Kolomenskii (1953) i n  which t h e  fundamental Hamiltonian method of 

c a l c u l a t i n g  r a d i a t i o n  from a source is general ized f o r  t h e  case of an an- 

i s o t r o p i c  d i s p e r s i v e  medium with a hermit ian d i e l e c t r i c  t e n s o r .  D.lthough 

t h e  formulas are a v a i l a b l e ,  t h e  eniss ion p r o p e r t i e s  have n o t  been analyzed 

appreciably because ex tens ive  numerical eva lua t ion  is required.  

(1962)  used t h e  expressions t o  evaluate  t h e  frequency s2ectrurr of Cerenkov 

r a d i a t i o n  from an e l e c t r o n  movinp p a r a l l e l  t o  t h e  mape t i c  fiell. 

r e l a t i n F  t h e  frequency and angle  of emission has  been solve2 nutrer ical ly  

H i s  a n a l y s i s  i s  based on ea r l i e r  

Johnson 

The ecuat ion 
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by E l l i s  (1962)  f o r  c e r t a i n  parameters appropr i a t e  for  r a d i a t i o n  f r o r  

J u p i t e r .  The power formulas were a l so  evaluated by Bazhacova ar,d Shafranov 
* 

_ _ ~  

(1963 

- 

f o r  t h e  s p e c i a l  case of normal emission i n  t h e  ordinary mode f r o m  t h e  funds- 

mental  cyclotron harmonic. 

and anomalous cyclotron r a d i a t i o n  from s e v e r a l  harmonics has  not  been con- 

s i d e r e d  f o r  e l e c t r o n s  i n  h e l i c a l  o r b i t s .  

r a d i a t i o n  
However, t h e  pene ra l  problerr, of Cerenkov/anl norrral 

Sone approximate formulas have been der ived inilepengently. Several  

l i m i t i n g  cases of emission i n  a t h e r n a l  mapetoplasna  have been Fiven by 

Pakhomov, Stepanov, and P-leksin (1962 ,  1963a, 1963b). Pnother method. w a s  

employed r e c e n t l y  by KcKenzie (1963) t o  ob ta in  t h e  frequency s p e c t r a  I and 

p o l a r  diagram f o r  Cerenkov r a d i a t i o n  from a un i fo rn ly  nov in i  p o i n t  charee. 

This paper has t h r e e  object ives .  F i r s t ,  t h e  complete theo ry  by Eidrnan 

and Kolomenskii is  reviewed i n  order t o  include r e l a t i v i s t i c  effects and 

pick up c e r t a i n  e r r o r s  and omissions i n  t h e  o r i F i n a l  ana lys i s .  Secondly, 

a numerical  s tudy of t h e  formulas f o r  Cerenkov and cyclotron r a d i a t i o n  is 

presented t o  demonstrate t h e  unusual p r o p e r t i e s  of  t h e  emissions. Thirdly,  

t h e  r e s u l t s  are app l i ed  t o  r e c e n t  i n t e r p r e t a t i o n s  of t h e  very low frequency 

(VLF) and low frequency (LF)  emissions from t h e  mapnetosphere ( 3  t o  300 kc / s ) .  

As a first approximation, t h e  mediurr is represented by E cold c o l l i s i o n -  

I 

less e l e c t r o n  plasmaC However, a t  t he  resonance frequency where t h e  index 

of r e f r a c t i o n  becomes i n f i n i t e ,  t he  power is a l s o  i n f i n i t e .  By in t roduc ine  

a d d i t i o n a l  phys i ca l  effects such as thermal motion o r  c o l l i s i o n s  t h e  s i n -  

g u l a r i t y  is removed but  t h e  expressions becore so complicated t h a t  numerical  

eva lua t ion  is very d i f f i c u l t .  As a compromise an upper bound is imposed on 

t h e  index which c u t s  off t h e  emission a t  a f i n i t e  l e v e l .  

many cases t h i s  c u t o f f  model i s  a Food approx i r a t ion  t o  t h e  index when thermal 

and c o l l i s i o n a l  effects are small, and t h e  phys ica l  p r o p e r t i e s  of  t h e  power 

are descr ibed q u a n t i t a t i v e l y  in  some parameter repions.  

Fo r tuna te ly ,  i n  
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The emission a t  hiph frequencies  where t h e  propapation is l i k e  t h a t  

. i n  a vacuum is no t  discussed i n  t h i s  paper. 

quencies  nea r  t h e  cyclotron and plasma f requencies  of t h e  e l e c t r o n s  where t h e  

i n d i c e s  a r e  most i n t e r e s t i n g .  

is confined t o  f requencies  below the cyc lo t ron  frequency. 

mode t h e  emission is confined t o  a narrow band of f requencies  near  t h e  plasma 

frequency. The index of r e f r a c t i o n  f o r  t h e s e  modes is gene ra l ly  g r e a t e r  than 

u n i t y ,  and t h e  e l e c t r i c  vec to r  of the  wave r o t a t e s  i n  t h e  sare sense a s  t h e  

e l e c t r o n s  gy ra t e  about t h e  f i e l d  (right-hand p o l a r i z a t i o n ) .  

P t t e n t i o n  is confined t o  fre- 

I n  t h e  ord inary  ( w h i s t l e r )  node t h e  emission 

I n  t h e  ex t r ao rd ina ry  

Due t o  t h e  symmetry of t h e  medium, t h e  energy is  r a d i a t e d  along cones 

about t h e  magnetic f i e l d  d i r ec t ion .  The Cerenkov r a d i a t i o n  i s  e m i t t e d  en- 

t i r e l y  i n  t h e  forward hemisphere with r e s p e c t  t o  t h e  guiding c e n t e r  motion of 

t h e  e l e c t r o n  ( v e l o c i t y  component along t h e  s t a t i c  magnetic f i e l d ) .  

cyc lo t ron  r a d i a t i o n  is e m i t t e d  e n t i r e l y  i n t o  t h e  backward hemisphere i n  t h e  

o rd ina ry  mode but  i n t o  e i t h e r  o r  both hemispheres i n  t h e  ex t r ao rd ina ry  node. 

The anomalous cyc lo t ron  r a d i a t i o n  is emi t ted  e n t i r e l y  i n t o  the  forward hemi- 

sphere.  I n  gene ra l  t h e  maximum power is r a d i a t e d  a t  an apprec iab le  anp;le t o  

t h e  a x i s  of symmetry. 

The normal 

The anomalous cyc lo t ron  r ad ia t ion  is a consequence of t h e  anomalous 

Doppler effect which w a s  discussed some t i m e  apo by Franck (1942). 

prope r ty  only  arises when t h e  source moves faster than t h e  l o c a l  phase v e l o c i t y  

of t h e  medium, t h e  phys ica l  process is  anologous t o  t h e  Cerenkov mechanism; 

t h e  charge induces a polar ized  wake i n  t h e  medium which r a d i a t e s  e lwt ro-  

magnetic energy. 

a c o u s t i c  case  where t h e  source moves faster than t h e  speed of sound, and a 

s t a t i o n a r y  observer  r ece ives  both increased  and decreased (Doppler-shifted) 

f requencies  when t h e  source is approaching but  no s i g n a l  when t h e  source is 

receding  . 

Since t h i s  

An elementary example of t h e  anomalous e f f e c t  occurs  i n  t h e  
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F i n a l l y ,  t h e  f e a s i b i l i t y  of Cerenkov o r  cyclotron r a d i a t i o n  from 
I 

, e l e c t r o n s  as  t h e  source of VLF and LF emissions i n  t h e  magnetosphere i s  

discussed.  A review of  t h e  e a r l y  observations and t h e o r i e s  an6 a c l a s s i f i c a t i o n  

system f o r  t h e  va r ious  emissions has been prepared by C,allet (1959). The fre- 

quency-time p a t t e r n s  range from continuous wide bands of noise  c a l l e d  h i s s  t o  

d i s c r e t e  p a t t e r n s  with d e s c r i p t i v e  c l a s s  t i t l es :  hooks, risers, q u a s i - v e r t i c a l  

("dawn chorus"), etc. 

simultaneously a t  s e v e r a l  frequencies by bwden (1962a), and a f t e r  ionospheric  

The i n t e n s i t y  of t h e  wide band no i se  has been measured 

absorpt ion effects were removed it was conclueed t h a t  t h e  source spectrum is 

r e l a t i v e l y  f l a t  a t  a l e v e l  of t h e  order  of  watts/cm ( c / s ) .  The morpholopy 

of VLF emission events  has  been recorded by Watts, Koch, and C a l l e t  (1963) us ing  

2 

an instrument which p e r n i t s  continuous observat ions.  Recently, F e l l i w e l l  ( 1963 1 

has found t h a t  c e r t a i n  p e r i o d i c  VLF emissions a r e  tr ieperecl by w h i s t l e r  echoes. 

I n  add i t ion  t o  t h e s e  ground-based observat ions , VLF emissions have been 

observed above t h e  ionosphere by s a t e l l i t e s .  The VLF r e c e i v e r  aboard t h e  

Alouet te  sa te l l i t e  was operated by Barr inf ton and Belrose (1963). Their  tele- 

metered recordings of wide band noise  e x h i b i t  a systematic  decrease i n  t h e  lower 

c u t o f f  frequency as t h e  s a t e l l i t e  l a t i t u d e  increases .  More d e t a i l e d  VLF emis- 

s i o n  d a t a  was obtained by Gurnett (1963) with instrumentat ion aboard t h e  Injun 

I11 satel l i te .  In  add i t ion  t o  the te lemetered w i d e  band s i g n a l ,  a s i x  channel 

frequency spectrum ana lyze r  measured t h e  abso lp te  amplitude of t h e  VLF magnetic 

component. The rms. amplitude a t  t h e  satel l i te  va r i ed  from t h e  th re sho ld  of 

t o  a maximum of s x 10 -2 2 gamma P ~ o - ' ~  w g t t / c m  ( c / s ) ) .  On s e v e r a l  occasions 

complex VLF emissions w e r e  t r i gge red  by s p h e r i c  impulses. A c l e a r  c o r r e l a t i o n  

between VLF emissions,  a u r o r a l  enhancements, and. e l e c t r o n  p r e c i p i t a t i o n  w a s  a l so  

revealed. In  a rocket  f l i p h t  t o  1700 km Malsh, I!ad?ock, and Schul te  (1963) 

observed in t ense  r a d i o  n o i s e  near  1 Hc/s which they a t t r i b u t e  t o  emissions in 

both modes. 
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Severa l  mechanisms have been suegested a s  t h e  source of VLF e r i s s i o n s .  

Gallet and H e l l i w e i l  (iY>r! proposed t h a t  p e w a t n e t i e  frcld ~ l l p p r !  stre3ms 

of e l e c t r o n s  i n t e r a c t ,  as  in  t h e  t r a v e l i n p  trave tube mechanisrr., t o  produce 

ampl i f i ca t ion  of existing? background e l e c t r o m a F e t i c  r a 2 i a t i o n .  

anism w a s  r e c e n t l y  considered i n  p rea t e r  d e t a i l  b,7 Dowden (1962b) who showed 

t h a t  t r a v e l i n g  wave tube amplif icat ion of  s e l e c t e d  bands of VLF n o i s e  can ex- 

p l a i n  s e v e r a l  c h a r a c t e r i s t i c s  o f  hiss. 

cyc lo t ron  r a d i a t i o n  from protons was proposed by I’acArthur (1959) and l a t e r  

extended by tlurcray and Pope (19602, 1360b). Dowden (1962c, 1963) a l s o  showed 

t h a t  Doppler-shifted cyclotron emissions from d i s c r e t e  bunches of  e l e c t r o n s  

produce hook dispers ion p a t t e r n s  which f i t  t h e  experiment21 d a t a  ?Kite w e l l .  

B e l l  and Bunevan (1964)  found a plasna i n s t a b i l i t y  i n  t h e  i n t e r a c t i o n  between 

a whistler-mode wave and a KyratinF-electron strearr t:hich msy i n i t i a t e  coherent 

t r i p g e r e d  emissions. 

* ---. 

This mech- 

The p o s s i b i l i t y  of Cappler-shifted VLF 

Triggering mechanisms and cyclotron emissions a r e  a!so 

discussed by Hansen (1963). The t r a n s f e r  of enerpy between whistler-mo2e 

sipnals and e n e r F e t i c  charged p a r t i c l e s  has been exan ine l  f o r  s e v e r a l  VLT 

emission mechanisms by Brice (1904). 

In most of t h e s e  t h e o r e t i c a l  ana lyses  only t h e  one-dimensional l one i tu -  

d i n a l  equat ions ( p a r a l l e l  t o  t h e  Feomagnetic f i e l d )  were considered so t h a t  

wave no rna l  d i r e c t i o n s  i n  which t h e  maximur Cerenkov and cyclotron power is 

a v a i l a b l e  w e r e  t a c i t l y  o n i t t e d .  

o r  i t s  spectrum w e r e  attempted. 

demonstrated t h a t  incoherent emission is undoubtedly inadeauate but  ccherent 

emission f r o n  bunches of e l ec t rons  may provide t h e  observed power l e v e l .  

furthermore,  no e s t i n a t e s  of t h e  t o t a l  power 

Vith t h e  power e s t ima tes  presentec! here  it is  



2. 

The Hamiltonian method f o r  ca l cu la t ing  t h e  energy r a d i a t e d  by 

a charged p a r t i c l e  in an an i so t rop ic  d i spe r s ive  medium is  descr ibed  

i n  some d e t a i l .  

is a gene ra l i za t ion  of a method employed by Heitler (1954 and earlier 

e d i t i o n s )  and o t h e r s  f o r  ca l cu la t ing  p a r t i c l e  emissions i n  free space. 

The name of t h e  method arises because t h e  c o e f f i c i e n t s  in  t h e  eigenwave 

expansion f o r  t h e  vec to r  p o t e n t i a l  of  t h e  r a d i a t i o n  f i e l d  are j u s t  

t h e  canonica l  v a r i a b l e s  of t h e  Hamiltonian f o r  t h e  system. 

The s o l u t i o n  which was formulated by Kolomenskii (1953) 

Any homogeneous medium which is e lec t romagnet ica l ly  d i s p e r s i v e  

and a n i s o t r o p i c  i s  cha rac t e r i zed  by a complex d i e l e c t r i c  t e n s o r  5 ( w , e , @ )  

where w is  t h e  angular  propagation frequency and 8 and 0 a r e  t h e  po la r  

and azimuthal  angles  measured from some re fe rence  d i r e c t i o n .  

necessary  f o r  t h e  fol lowing ana lys i s  t o  assume t h a t  t h i s  t e n s o r  is 

hermit ian 

I t  is 

where t h e  asterisk denotes  t h e  complex conjugate  and t ranspose .  

t h e  magnetic s u s c e p t i b i l i t y  of t h e  medium is assumed t o  vanish so t h a t  

t h e  permeabi l i ty  1.1 of t h e  medium i s  t h a t  of f r e e  space. 

of t h e s e  assumptions i n  a magneto-ionic medium a r e  d iscussed  i n  t h e  next  

s e c t  ion. 

Furthermore, 

The impl i ca t ions  

A charged p a r t i c l e  moving through such a medium may r a d i a t e  e l e c t r o -  

magnetic energy i f  it is  be ine  acce le ra t ed  o r  if its v e l o c i t y  i s  e r e a t e r  

than t h e  phase v e l o c i t y  of t h e  medium. The e l e c t r i c  and magnetic f i e l d s  
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which are generated by a p a r t i c l e  wi th  charge e ,  t r a j e c t o r y  r 

v e l o c i t y  v are descr ibed  by Maxwell's field equations (Gaussian uni ts !  

and some familiar subs id i a ry  r e l a t i o n s ,  

and -e 

- 

v * I B = o  - 

where 6 is t h e  Dirac d e l t a  func t ion  and t h e  do t  denotes  a/at. 

By introducing t h e  electromagnet ic  p o t e n t i a l s ,  - A and 9,  which are 

def ined  by t h e  f i e l d  q u a n t i t i e s ,  

m = v  X A ,  - 
Eqs. (2 -2 )  t o  ( 2 - 6 )  reduce t o  

Since t h e  p o t e n t i a l s  a r e  not uniquely def ined by E q s ,  (2-7) and (2-8) 

a Coulomb gauge condi t ion may be imposed on them 

(2-11) 
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. I n  t h i s  gauge 9 is  j u s t  t h e  s t a t i c  p o t e n t i a l  of t h e  source charge and Lt = g*V+ 

. is t h e  corresponding s t a t i c  vec tor  f i e l d .  I t  w i l l  be shown t h a t  t h e  e l e c t r o -  

magnetic r a d i a t i o n  f i e l d s  %m and ! E m  a r e  de r ivab le  from t h e  vec to r  p o t e n t i a l  

A a lone.  - 
I n  order  t o  express  t h e s e  equat ions i n  canonica l  form it is necessary  t o  

cons ider  only t h a t  p a r t  of t h e  f i e l d  which l i e s  i n s i d e  an a r b i t r a r i l y  l a r g e  

but  f i n i t e  cubic  volume T = L 3 where L > > c h a r a c t e r i s t i c  wavelength. In t h i s  

volume t h e  p o t e n t i a l s  are represented by a superpos i t ion  of e igenfunct ions  5 

where q, and qoA are expansion coe f f i c i en t s .  

t o  s a t i s f y  t h e  boundary condi t ions,  

The e igenfunct ions  are requ i r ed  

-A A ' vx&p Qp v9, 

per iod ic  on t h e  su r face  Q 

of t h e  volume T, 

(2-13) 

and t h e  homogene'ous wave equat ions,  

where t h e  eigenvalues  wA.and wo, are  real cons tan ts .  Since t h e  divergence 

of a c u r l  always vanishes  t h e  e igenfunct ions  5 defined by E q .  (2-14) also 

s a t i s f y  Eq. ( 2 - 1 1 )  as required.  

r e spec t  t o  t h e  weighting f u n c t i o n L  - can be v e r i f i e d  using Eq.  (2-11, 

(2-13) and (2-14) and t h e  divergence theorem, 

The o r thogona l i ty  of t h e  set of wi th  



The o r thogona l i ty  

The normalizat ion 

of t h e  set of 

of t h e  eigenfunctions i s  chosen such t h a t  

with r e spec t  t o  2 is v e r i f i e d  analogously,  - 

The or thogonal i ty  of A and 
-A 

2 
A l J  

4 n c  6 

= 4 n c  2 d A U  
(2-17) 

V+, f o r  a l l  A, ,  wi th  r e spec t  t o  t h e  weighting 

funct ion g can be proved with t h e  a i d  of a v e c t o r  i d e n t i t y ,  

B I n s e r t i n g  a = A 

cond i t ions  and t h e  l a s t  term of the volume i n t e g r a l  obviously vanishes  so t h a t  

with t h e  a i d  of Eqs. (2-1) and (2-14) 

and b = V$lJ, t h e  s u r f a c e  i n t e g r a l  vanishes  due t o  t h e  boundary - -A - 

The expansions f o r  A and I$ permit Eqs. (2-9) and (2-10) t o  be reduced t o  - 
a system of uncoupled elementary s c a l a r  equa t ions  f o r  qA and qoA. 

is mul t ip l i ed  by A" and in t eg ra t ed  over  T ,  t h e  o r thogona l i ty  r e l a t i o n s  der ived 

above reduce t h e  v e c t o r  equat ion t o  simple harmonic o s c i l l a t o r  equa t ions  f o r  t h e  

se t  of q,, 

If Eq. (2-9) 

-lJ 

( 2-20) 

... 
The f o r c i n g  funct ion depends on the d i e l e c t r i c  t e n s o r  s i n c e  A" must s a t i s f y  

Eq. (2-14)  and on t h e  time through fe and - v. 
-1.1 

S i m i l a r l y  mul t ip ly ing  Eqs. (2-9)  
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2. 

.I 
and (2-10) by V4)" and i n t e g r a t i n g  over T y i e l d s  u 

3: 

IJ 
r e spec t ive ly .  Since 5 i s  e x p l i c i t l y  t i m e  dependent, d$':(r ) /a t  = v*VQ ( 5 1 ,  

and t h e r e f o r e  Eq. (2-21') is redundant because it is j u s t  t h e  t i m e  d e r i v a t i v e  

of  Eq. (2-21). Hence, t h e  complete s o l u t i o n  f o r  t h e  s t a t i c  and electromagnet ic  

f i e l d s  can be obtained in p r i n c i p l e  by so lv ing  Eqs. (2-20) and (2-21) with t h e  

appropr i a t e  set of A 

- u e  

and @u f o r  t h e  medium. 
7 

Since - A and 0 are determined by uncoupled systems of equa t ions ,  t h e  electric 

and magnetic f i e l d s  which t h e y  prescr ibe are also uncoupled. 

e lectromagnet ic  f i e l d s  are obtained from t h e  v e c t o r  p o t e n t i a l  a lone us ing  Eqs. 

(2-7) and (2-81, 

In p a r t i c u l a r  t h e  

= -A/c %m - m = VXA e m  - ( 2-22) 

I n  t h e  present  app l i ca t ion  only t h e  energy of t h e  r a d i a t i o n  f i e l d  i s  

r equ i r ed  and it is given by t h e  general  expression 

(2-23) 

The magnetic energy term is s impl i f i ed  with t h e  a i d  of Eq. (2-18). 

a = A - - A  - 
cond i t ions ,  and using Eq. (2-141, it is found t h a t  

I n s e r t i n g  

and b = A" n o t i n g  t h a t  t he  surface i n t e g r a l  vanishes  by t h e  boundary 
Y' 

Hence, using t h e  normalization of Eq .  (2-171, Eq. (2-23) reduces t o  

(2-24) 



(2 -25)  

- This expression is ident ica l  to that  f ~ r  t h e  ~ a m i l t c n i m  cf a system ~f 

harmonic o s c i l l a t o r s  which descr ibe  t h e  r a d i a t i o n  f i e l d .  

The p o l a r i z a t i o n  of t h e  electromagnet ic  waves can t a k e  two a r b i t r a r y  

d i r e c t i o n s  which correspond t o  t h e  two poss ib l e  modes of propagation i n  t h e  

medium. 

denoted by d i f f e r e n t  i n d i c e s  A(or p). 

is considered. 

In t h e  foregoing equat ions t h e s e  d i f f e r e n t  modes of p o l a r i z a t i o n  are 

In  t h e  fo l lowing  equat ions  only  one mode 

I n  order  t o  eva lua te  t h e  summation in Eq. (2 -25)  it is  necessary t o  assume 

a p a r t i c u l a r  form f o r  t h e  eigenvectors  A which s a t i s f y  Eqs. (2-131, ( 2 - 1 4 )  and 
7 

( 2 - 1 7 ) .  Here, f o r  convenience, they are chosen t o  be 

3 /2 )  ex? ( - ik  O r )  

4 -  
A = K c ( a  /n L 
IJ - P I J  

(2 -26)  

where a is  t h e  p o l a r i z a t i o n  vec tor ,  n is t h e  index of r e f r a c t i o n  and k is 
IJ IJ -u 

t h e  propagation vec to r ,  (The s ign  convention i n  t h e  exponent is oppos i te  t h a t  

by Kolomenskii and Eidman, but  it is e s s e n t i a l  f o r  t h e  equat ions  t o  be c o n s i s t e n t  

with t h e  p o l a r i z a t i o n  convention used i n  magneto-ionic theory.  ) The o r thogona l i ty  

of A i n  T is assure5  i f  t h e  components of k are given by k = 2 n 1 ~  /L where t h e  

u are i n t e g e r s  and q = x, y,  Z. The components of a and n are determined 

i n  p r i n c i p l e  by Eqs. (2 -14)  and (2-17)  which reduce t o  

IJ - u n  h n 

n --II P 

(2 -27)  

Since t h e  wavelength is small compared t o  L (L -t -1, k-space is approximately 

cont inuous and p-space can be represented by continuous s p h e r i c a l  coord ina tes  

1 ~ , 8 , 0  without loss of g e n e r a l i t y .  (The p o l a r  and azimuthal ang le s ,  8 and 0, are 
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w independent of t h e  space va r i ab le s  i n  T . )  Furthermore, by d e f i n i t i o n  m/c = k 
c = 2sr1~/L SO t h a t  t h e  frequency w w i l l  be used as the independent v a r i a b l e  w i t h  

k ( w , 8 , 0 ) ,  n(w,e,O) and 5(w,Q,d) i n  genera l ,  and t h e  s u b s c r i p t  IJ is  omit ted 

here  after 

The number of o s c i l l a t o r s  i n  T which r a d i a t e  i n t o  t h e  s o l i d  angle  dQ = sin0dOdpi 

and t h e  frequency i n t e r v a l  between w and w +  dw f o r  a prescr ibed  p o l a r i z a t i o n  is 

given by 

3 Td u = p2dIJdRT 

(2-29) 

where p ( w , 0 , 0 )  i s  t h e  d e n s i t y  funct ion of t h e  r a d i a t i o n .  

and Eidman's papers  t h e  frequency dependence of n was omit ted i n  t h e  d e f i n i t i o n  

( In  Kolomenskii's 

of p a )  

With a continuous v a r i a b l e  f o r  l~ t h e  d i s c r e t e  summation i n  Eq. (2-25) trans- 

forms i n t o  a volume i n t e g r a l  over t he  cont inuous v a r i a b l e  w. 

f e r e n t i a l  energy of t h e  r a d i a t i o n  f i e l d  can be expressed as 

Hence, t h e  d i f -  

(2-30) d 3 W = wpdwdR 

where w (w,8,0,t)  i s  t h e  energy of a forced  o s c i l l a t o r  i n  dwdR. 



3. EKISSION IN A MAGNETO-IONIC MEDIUM 
c . 

The foregoing genera l  equat ions are developed f u r t h e r  i n  t h i s  

s e c t i o n  f o r  emission in a magneto-ionic medium which c o n s i s t s  of a 

uniform s ta t ic  magnetic f i e l d  and a homogeneous e l e c t r i c a l l y  n e u t r a l  

plasma. Such a medium is d i spe r s ive  and a n i s o t r o p i c  with r e spec t  

t o  t h e  d i r e c t i o n  of t h e  magnetic f i e l d .  

Eidman's method with some modif icat ions and cor rec t ions .  

The xyz coordinate  system i s  o r i en ted  such t h a t  t h e  z-axis  is  

p a r a l l e l  t o  t h e  s t a t i c  f i e l d  go. If c o l l i s i o n s  are neglec ted ,  t h e  

o r b i t  of a r e l a t i v i s t i c  e l e c t r o n  i n  t h e  s ta t ic  f i e l d  c o n s i s t s  of a 

gy ra t ion  about t h e  f i e l d  d i r e c t i o n  and a d r i f t  a long it as shown i n  

Fig. 1. 

t h e  x ,  y, z axes are, r e spec t ive ly ,  

The a n a l y s i s  fo l lows  

Hence, t h e  p o s i t i o n  (5) and v e l o c i t y  ( v )  coord ina tes  along - 

(3 -2 )  2 '  
V - -1 v cos y lAIB t ,  1 -v s i n  y 'toB t ,  .1 

where t h e  s u b s c r i p t s  1 and 2 r e f e r  t o  components perpendicular  and pa ra l -  

l e l  t o  & and t h e  r e l a t i v i s t i c  co r rec t ions  have been introduced e x p l i c i t l y .  

The n o n r e l a t i v i s t i c  cyc lo t ron  or gyro frequency is  r e l a t e d  t o  Bo by 

% = le IBo/mc and t h e  n o n r e l a t i v i s t i c  gyro r a d i u s  is given by rl = vl/%. 

The r e l a t i v i s t i c  f a c t o r  y is defined as u s u a l  by 

(3-3)  
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The propagation vec to r  k is  a t  some angle  0 with r e spec t  t o  - 
f 

% i n  

t h e r e  is  azimuthal symmetry, 

genera l ,  and it is a r b i t r a r i i y  piaceci i n  t n e  yz piane since 

h k = kc = k s i n  0 ^y + k cos 0 Z .  - (3-4) 

~ n n  
where k, y, z are u n i t  vec tors .  

f i e l d s  are taken  along t h e  orthogonal d i r e c t i o n s  .̂, 8, $ as shown i n  Fig. 2. 

The d i e l e c t r i c  t e n s o r  f o r  a magneto-ionic medium can have s e v e r a l  

The components of t h e  e lec t romagnet ic  

forms depending on which p r o p e r t i e s  of t h e  plasma are important.  

a d d i t i o n  t o  t h e  frequency domain, t h e  effect of thermal  motion, c o l l i s i o n s ,  

o r  i o n i c  motion a l te r  t h e  d i e l e c t r i c  t e n s o r  apprec iab ly  under c e r t a i n  

condi t ions.  Zlementary de r iva t ions  of t h e  t e n s o r  for  a co ld  plasma 

are given by Ratcliffe (19591, Ginzburg (1960) and o thers .  Severa l  

papers  have t r e a t e d  electromagnet ic  wave propagat ion i n  hot plasmas 

r e c e n t l y ,  and an ex tens ive  review is provided by S t i x  (1962). It is 

noteworthy t h a t  t h e  t e n s o r  i s  hermitian when thermal motion or  i o n i c  

motion is  included but  is not  hermitian when c o l l i s i o n s  are important.  

The p o l a r i z a t i o n  of t h e  electric vec to r  of t h e  wave f i e l d  and t h e  

In 

index of r e f r a c t i o n  for  t h e  medium are obtained from t h e  components 

of t h e  d i e l e c t r i c  tensor .  I n  terms of t h e  s p a t i a l  con f igu ra t ion  i n  

Fig. 2 t h e  p o l a r i z a t i o n  c o e f f i c i e n t s  are def ined  by 

and t h e  index is denoted by n(w,0), where a0 and a 

must be real i n  t h e  fol lowing solution. 

may be complex but n k 
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The components of - a (and n)  i n  t h i s  medium are determined by 

Eqs. (2-27)  and (2-28)  f o r  a prescr ibed  1. Since the electric f i e l d  

of t h e  propagating wave must s a t i s f y  t h e  wave equat ion its amplitude 

v e c t o r  E must s a t i s f y  Eq. (2-27) .  Hence, t h e  so lu t ion  of t h e s e  f o u r  

complicated a lgeb ra i c  equat ions  is obtained i n d i r e c t l y  by assuming t h a t  

p = KE/E,. 

- 

The cons tan t  of p ropor t iona l i t y  is e a s i l y  shown t o  be 

(Eidman's normalizat ion f a c t o r  K = l/&-does no t  s a t i s f y  t h e  equat ions  

u n l e s s  cos 8 = f 1.1 

coord ina te  system of t h e  e l e c t r o n  a re  given by 

Therefore,  the components of - a i n  t h e  Cartesian 

where 

- ay - ae cos e + ak s i n  8 

k and a With t h e  foregoing  e x p l i c i t  expressions f o r  A, s9 v, -, - 
given by Eqs. (2-261,  ( 3 - 1 ) ¶  (3-21, ( 3 - 4 ) ¶  and (3-7)  r e s p e c t i v e l y ,  

t h e  f o r c i n g  func t ion  in  Eq. (2-20) t a k e s  t h e  form 

(3 -9 )  
exp ( + i k  s i n 0  y r l  s in  y-'wBt + i k  cos0  v t )  2 
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This  express ion  can be s impl i f i ed  by in t roducing  t h e  Bessel func t ion  

e xparls i n 2  

(3-10) 

so t h a t  

cos 0 - i s i n  4)  exp ( + i X  s i n  6 )  
'"Y 

+- 
= E <-J: + a SJ / X I  exp ( t i s 6 1  

-OD Y S  

where t h e  prime denotes  d i f f e r e n t i a t i o n  wi th  r e spec t  t o  X. Hence, Eq. 

(2-20) f o r  t h e  forced  harmonic o s c i l l a t o r  has  t h e  simple form 

where 

and 

with 

+- 
2 9 t c r ~  q = Cs exp ( + i p s t )  

-m 

and 

$1 = q / c ;  B2 = v2/c 

( 3-12 ) 

( 3-13) 

(3-14) 

( 3-15 ) 

(3-16) 
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With t h e  i n i t i a l  condi t ions q = 4 = 0 a t  t = 0 t h e  gene ra l  s o l u t i o n  of 

* Eq. (3-12) is 

The sum of t h e  e n e r g i e s  of a l l  t h e  modes then vanishes  a t  t = 0 and is 

given by 
2 *  +- 1 a:';. 

- 2  s s  
w = 1 - ( q  q + w qsqs) + c ross  product terms 

( 3-18 

o s c i l l a t i n g  c r o s s  
product terms I +  t= 

l-cos(w+p,) T 
2 + 

( w-P, 1 (w+P,) 

= z A l c s l  
-w 2 

a t  t = T. I n  t h e  l i m i t  T + m 9  t h e  e x p l i c i t  summation terms reduce t o  Dirac 

d e l t a  func t ions ,  

( 3-19) 

The first e q u a l i t y  can be demonstrated by p a r t i a l  i n t e g r a t i o n  and t h e  second is 

discussed by Schiff (1955). 

u n i t  t i m e  r a d i a t e d  i n t o  T by t h e  e l ec t ron  i s  given by 

The average (unweighted d i f f e r e n t i a l )  energy p e r  

(3-20) 

where t h e  o s c i l l a t i n g  t r a n s i e n t  terms vanish as l / T a  

The l i m i t i n g  process  which introduces t h e  &-functions is j u s t  i f  i e d  provided 

t h a t  t h e  r a d i a t i o n  never reaches t h e  boundary u of t h e  vclume T. This is  a s su red  

because L and T can approach i n f i n i t y  and simultaneously s a t i s f y  t h e  i n e q u a l i t y  

L >> cT/n. 



~~ ~~ 
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The mathematical i n t e r p r e t a t i o n  of t h e  6 -function terms depends on t h e  

propapation p r o p e r t i e s  of t h e  vec to r -po ten t i a l  q u a n t i t y  . 
(3-21) 

where q is given by Eq. (3-171, - A is given by Eq. (2-261, and w is always posi-  

t i v e .  1' 

Ea_. (3-131, wl, -sl, 8 

which is as soc ia t ed  with t h e  first term i n  Eq. (3-17) has  a propagation ex- 

If a p a r t i c u l a r  se t  of values,  w s1 3 0 ,  e l ,  s a t i s f y  w = +ps then by 

Therefore,  t h e  term 6(w-ps) + T sa t i s fy  w = -p,. 1 

ponent of t h e  form +wit - klysine 

6(w+p 1 which is as soc ia t ed  with the second term i n  Eo_. (3-17) has  a propapa- 

- klzcosB1 where k = wn/c, and t h e  term 1 

S 

t i o n  exponent of t h e  form -ult  + klysinel + klzcosB1. Hence , t h e s e  two term 

d e s c r i b e  i d e n t i c a l  r a d i a t i o n  which is c a l l e d  "normal" emission because of its 

d i s p e r s i o n  r e l a t i o n .  S imi l a r ly ,  i f  w s2 0 ,  8 s a t i s f y  w = +p, t hen  w 2 ,  -s2¶ 

82 + II s a t i s f y  w = -ps and t h e  two terms have a common propagation exponent 

of t h e  form 2(w2t - k2ysin02 - k2zcose2). 

because of i ts unconventional dispers ion r e l a t i o n  which is  discussed below. 

2' 2 

This r a d i a t i o n  is c a l l e d  "anomalous" 

Due t o  t h i s  dup l i ca t ion  of emission p r o p e r t i e s ,  t h e  enerpy expression can 

be s impl i f i ed .  

which is v a l i d  i n  t h e  magneto-ionic medium, and using t h e  p r o p e r t i e s  of Bessel 

By introducinp t h e  e x p l i c i t  propertyae,k(oj,8) = -ag,k(u,,@+T)9 

f u n c t i o n s  it is r e a d i l y  v e r i f i e d  tha t  Cs(w,8 )  = -C-,(w,B+n). 

e n e r g i e s  given by 6(w-p 

by t h e  electron is descr ibed completely by t h e  terms 

Therefore,  t h e  

and 6(w+ps)  are i d e n t i c a l  and t h e  r a d i a t i o n  emittel  
S 

(3-22) 

where s = 0, z1, 22, ... . The frequency w and p o l a r  angle  @ of t h e  emission are 

r e l s t e d  by t h e  a n i s o t r o p i c  dispers ion equation w = +ps, henceforth c a l l e d  t h e  

emission equat ion,  which can be expressed i n  t h e  form 

8 cos  8 = (w-swg/y)/wn(w,B 
2 S 2 (3-23) 
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The phys ica l  explanat ion of the emission terms is  provided by t h e  

p r o p e r t i e s  of t h e  emission equation. 

r a d i a t i o n ,  emission from induced po la r i za t ion  i n  t h e  medium, because €lo must 

s a t i s f y  t h e  u s u a l  r e l a t i o n  cos  8 = 1/B2n. 

on t h e  s t a t i c - f i e l d  vector-component, t h e  Cerenkov emission is i n  t h e  forward 

hemisphere with r e s p e c t  t o  t h e  v e l o c i t y  component B2(p2cos 8 

t h e  emission is  due t o  t h e  cyclotron harmonics / s /wg /y .  

t h e  normal and anomalous emission is obtained from t h e  emission equation r e l a t i o n  

B2n cos 8 

p a r a l l e l  component of t h e  phase ve loc i ty  when s > 0 and. a normal Doppler e f f e c t  

is obtained b u t  it moves faster when s 0 and an anomalous effect  is  obtained. 

The normal emission appears i n  e i ther  t h e  forward o r  backward hemisphere 

( fJ2  cos e S  < 0) depending on whether w z swg/y whereas a l l  t h e  anomalous emis- 

s ion i s  in  t h e  forward hemisphere (B2 cos 8 > 0).  Hence, f r equenc ie s  below 

t h e  source frequency /s(wg/y are emitted i n t o  both hemispheres when t h e  pro- 

pagat ion modes permit. 

a l o u s  r a d i a t i o n  is  due t o  t h e  d i spe r s ive  a n i s o t r o p i c  n a t u r e  o f  t h e  melium which 

al lows waves of a given frequency t o  be r e in fo rced  i n  many d i r e c t i o n s  a t  once. 

The g e n e r a l  s o l u t i o n  of  Ea. (3-23) f o r  cos 8 ( w )  and i ts  a p p l i c a t i o n  t o  

VLF and LF emissions i n  t h e  mapnetosphere i s  considered i n  t h e  fol lcwing sec t ion .  

The s = 0 term describes Cerenkov 

Since n is independent of t h e  s i g n  
0 

> 0). For s # 0 
0 

The d i s t i n c t i o n  between 

< 1 f o r  s z 0. Hence, the guidinp c e n t e r  moves slower than  t h e  s '  

> 

S 

The simultaneous emission o f  both t h e  normal and anom- 

S 

The Cerenkov and cyclotron power which is r a d i a t e d  by t h e  e l e c t r o n  i n t o  

dwdR is  given by terms o f  t h e  form 

s = 0, 21, +2,... (3-24) 

where t h e  d e f i n i t i o n  of average power and EQ. (2-30) have been use?. I n  

o r d e r  t o  perform t h e  i n t e g r a t i o n  over frequency o r  s o l i d  anp le ,  t h e  d e l t a  

func t ion  must be reduced t o  an elementary form by t h e  expansion, 
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6(x-xs) (3-25) 

“-3 where x = 6 o r  u and Xs is  t h a t  vaiue of F! o r  w f o r  ~rhic:.! w = F ~ .  

with  p and C given by Eqs. (2-29) and (3-14), t h e  power r a d i a t e d  i n t o  t h e  

l i nea r  frequency i n t e r v a l  df = dw/2n i s  obtained by a t r i v i a l  i n t e g r a t i o n ,  

?nereTcore, 

S 

2 dPs/df = ( 2 r  e2/cB,) CJ [-RIJ;(X) + ( a  sR /X + a,R2)Js(X)3 
Y 1  (3-26) 

e = e ( w )  
S 

C1 + (w/n)&1/dwl/11 - (dn/&)/n t a n  e ,  

where 6 s ( w )  must s a t i s f y  Eq.  (3-23). 

t h e  s o l i d  anple  dl2 is  given by 

Simi la r ly ,  t1,e power rac2iated i n t o  

d2Ps/dR = (e2/2nc) {w 2 2  nK [ -B  J’(X) + ( a  s6 / X  + aZB2)JS(X)l2 
I s  Y 1  

where w ( 6 )  must s a t i s f y  Ea_. (3-23). (These express ions  f o r  t h e  power d i f f e r  

from those piven by Eidman i n  t h e  f a c t o r s  P , K ,  

S 

and t h e  s t e n  on Jg, as w e l l  

as inc ludinp  r e l a t i v i s t i c  enerFies.1 

Two limiting! cases  of t hese  power expressions a r e  of s p e c i a l  i n t e r e s t .  

F i r s t ,  consider  R = 0 which Fives 1 

(3-28) 

f o r  t h e  Cerenkov r a d i a t i o n  and t h e  cyc lo t ron  terms vanish.  Secondly, cons ider  

= o which g ives  Ds = s w g / Y  and $2 
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d2P /ds2 = ( e  [ - B I J L ( X )  t a sR J ( X ) / X I 2  - [ l t ( w / n s n & w l  (3-29) 
w = sw /y 

B 
S Y 1 s  1 

f o r  s >, 1, Fiere only t h e  normal cyclotrcn emission is p resen t  s i n c e  the motion 

needed for  t h e  anomalous e f f e c t  i s  absent.  (Althouph t h e  index i s  omitted from 

t h e  emission equation i n  t h i s  case, t h e  f r ecuenc ie s  a r e  r e s t r i c t ec l  t o  t h e  propa- 

g a t i o n  bands of t h e  modes, o f  course, 1 

I n  free space where n = 1, ag = fl, ak = 0 ,  t h e  cyclotron terms i n  E q .  

(3-29) reduce t o  t h e  Schot t  formula (see Landau and L i f s h i t z ,  9-8, 1951) when 

t h e  power f r o m  both modes is  added ( s  > 0 only s i n c e  n = 1). 

2 2 2  2 2  (3-30) 2 2 d P,/dR = (e  /25rc) ( s  wB /y CB1 J i  (B1s s i n e )  + cot20 JS2(R1s s i n e ) ]  

where X from Ea. (3-151, u from Eq, (3-61, and w = sw /y have been introduced 

e x p l i c i t l y .  Since n j :  1, a8 C 1, and a 

a comparison of E q s .  (3-30) and (3-29) shows t h a t  t h e  m a p i t u d e  of t h e  power 

r a d i a t e d  i n t o  a plasma i s  far g r e a t e r  due t o  t h e  i n t e r a c t i o n  with t h e  medium 

but  t h e  emission eauat ion l i m i t s  t he  anp le s  of emission ( o r  frequency bandwidth). 

B 

>> 1 (for s i n 0  > > O )  i n  a mapnetoplasma, k 

P.lthouph t h e  power expression d‘Ps/dn is evaluated a t  0 and 0 ( 0  i s  

a r b i t r a r y  by azimuthal symmetry) t h i s  power follows a r z y  path alcnp E’ and 

$ where 0’ # 6 i n  peneral .  

is i n  t h e  d i r e c t i o n  of t h e  time-averaged Poyntinp vec to r  <S> - = (c/47r) a4m x 

M >. With t h e  electromagnet ic  f i e l d s  de f ined  by E a .  (2-22) and - a p ropor t iona l  

t o  E from Eq. (2-26) t h e  r a y  path d i r e c t i o n  i s  along 

I t  has been shown by S c o t t  (1950) t h ? t  t h e  r a y  p a t h  

-em 

- 
(3-31) 

Since E can have an apprec i ab le  component a lonp - k i n  an a n i s o t r o p i c  medium, 

t h e  electromapnet ic  energy does not propapate i n  t h e  - k d i r e c t i o n  i n  Feneral .  

For t h e  s p e c i f i c  u and a piven i n  t h e  nex t  s e c t i o n ,  it i s  r e a d i l y  v e r i f i e d  

t h a t  t h e  d i r e c t i o n  of <S> is within t h e  a c u t e  anple between - k and 

- 

e k 

%. - 



4. EMISSION IN A COLD, COLLISIONLESS, 
ELECTRON PLASMA 

I n  order  t o  eva lua te  t h e  allowed f requencies  and r a d i a t e d  power 

from a r e l a t i v i s t i c  e l e c t r o n  it is necessary t o  choose a model f o r  

t h e  plasma. 

thermal  motion can be neglec ted ,  so tenuous t h a t  c o l l i s i o n s  can be 

neglec ted ,  and t h e  f requencies  of interest  are s u f f i c i e n t l y  high t h a t  

i o n i c  motion can be neglected.  

phys i ca l  systems inc luding  s e v e r a l  a spec t s  of VLF propagation i n  t h e  

magnetosphere. In  t h e  present  app l i ca t ion ,  however, t h i s  elementary 

model is  found t o  be unsa t i s f ac to ry  a t  c e r t a i n  f requencies  and ang le s  

of emission. 

I n  t h i s  s ec t ion  t h e  plasma is assumed t o  be so cold  t h a t  

Such a model is adequate for  many 

Due t o  t h e  complexity of t h e  formulas and t h e  l a r g e  number of 

independent parameters,  t h e  behavior of t h e  emission is demonstrated 

by s e v e r a l  examples. 

app ropr i a t e  f o r  t rapped-electron o r b i t s  a t  sample p o i n t s  i n  t h e  geo- 

magnetic f i e l d .  A b r i e f  summary of o r b i t  and medium c h a r a c t e r i s t i c s  

f o r  t h e  magnetosphere is  given i n  t h e  Appendix. 

In  p a r t i c u l a r  t h e  s p e c i f i c  parameter va lues  are 

Since t h e  propagation frequency is  an independent v a r i a b l e  here ,  

it is convenient t o  introduce t h e  dimensionless quant i t ies  F and P which 

are def ined  t o  be t h e  propagation-cyclotron frequency r a t i o  and t h e  

plasma-cyclotron frequency ra t  io, r e spec t ive ly ,  

F = w/og P = WP/WB 



- 23 - 
T The plasma frequency i s  r e l a t e d  t o  the  e l e c t r o n  d e n s i t y  No by Op2 = 

4aN0e 2 /m. In terms of t h e  s p a t i a l  conf igura t ion  in Fig. 2 and t h e s e  

new v a r i a b l e s ,  t h e  d i e l e c t r i c  t enso r  components f o r  t h e  medium descr ibed  

above have t h e  form (Ginzburg, 1960) 

0 = 1 + P2/ (1  - 9, xx 

2 2 
E = -E  = + i P  cos e / F ( l  - F ) xe 8X 

For t h e s e  s p e c i f i c  components t h e  ind ices  of r e f r a c t i o n  fo r  t h e  medium 

are found t o  be 

with 

* w2 + 4  D, = - [F s i n 4  e + 4F (P - F ) cos 

- 2F2(P2 - 9) - F2 s i n 2  8 

and t h e  p o l a r i z a t i o n  c o e f f i c i e n t s  defined i n  Eq. (3-5) are given by 

(4-4) 
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= -F COS e/[F 2 2  + P /(n: - 111 
- a e* 

= -2F(P2 - F2) COS e/[-F2 s i n 2  0 

+(F4 sin4 0 + 4F2(P2 - F212 cos2 0) 1/2  3 - 

- F2) - 2  akt - -(n+ - 1) F sin 0 / ( P  - 
2 = - C P ~ F  sin e -a P cos e sin 01 e* 

(4-5) 

I n  t h i s  n o t a t i o n  t h e  upper (+ )  sign denotes  t h e  o rd ina ry  ( w h i s t l e r )  mode 

t h e  lower (-1 s ign  denotes  t h e  ex t raord inary  mode of p o l a r i z a t i o n  (Ginzburg's 

nomenclature).  The express ions  for  a 

exp i ( w t  - k*f>. 
and tt desc r ibe  a wave of t h e  form 

e+, 

The ind ices  given by E q s .  (4-3) and (4-4) have s e v e r a l  unusual 

p rope r t i e s .  They have resonances (n:=f-) a t  - 
1 2  - 1 C(P2 + 112 - 4P2 cos2 e] 1/2 &+ = T 'P  + 1) + - 

or , 
2 cos  eR = F2Cl + (1 - $)/p2] 

as w e l l  as a t  F = 0, and t h e y  have c u t o f f s  a t  

Fo = P (n+ = 0) 

F = - - + ( , + P )  + 1 1 2 1/2 
x,z 2 

(4-9) 

From t h e s e  r e l a t i o n s  it can be v e r i f i e d  t h a t  FR+ 

FR- > p and 1, and Fz < P. 

energy is absorbed a t  a resonance and r e f l e c t e d  a t  a cu to f f  i n  genera l .  

P and !cos 01, Fx > 

In a slowly varying medium e lec t romagnet ic  
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In t h e  frequency band 0 < F < FR+, t h e  ord inary  mode index n+ is 

= reai  and apprec iab ly  grea'ie~ %ban iifiity; f o r  F 

(evanescent ) ;  and f o r  FO < F < -, n 

t h e  frequency band 0 < F < F t h e  ex t r ao rd ina ry  mode index n- is  imaginary; 

for  Fz c F < FR,, n- i s  r e a l  and increasing;  f o r  FR- < F < Fx, n- is again 

imaginary; and f o r  Fx C F < a, n- asymptot ical ly  approaches uni ty .  

c F < Fo, r?+ is irnzghary 
R+ 

asymptot ica l ly  approaches uni ty .  I n  + 

Z' 

A t  very  hi&, f requencies  where t h e  index is  near  u n i t y ,  t h e  r a d i a t i o n  

from an electron i s  descr ibed  approximately by t h e  free-space formulas  

der ived  by Schwinger (1949). F o r  those f r equenc ie s  where t h e  index is 

imaginary, emission of electromagnet ic  r a d i a t i o n  cannot occur. Hence, 

a t t e n t i o n  w i l l  be confined he rea f t e r  t o  t h e  ordinary-mode frequency band 

0 < F < FR+ where n+ > 

Fz < F c FR- where n- > 0. 

f r equenc ie s  are f u r t h e r  r e s t r i c t e d  here  t o  F >> m/M, Pm/M where M is  

1 and to the extraordinary-mode frequency band 

(Since i o n i c  motion has been neglected,  t h e  

t h e  ion  mass) . 
The ord inary  mode frequency band 0 < F < FR+ is  o f t e n  c a l l e d  t h e  w h i s t l e r  

mode because VLF r a d i o  w h i s t l e r s  propagate i n  t h i s  mode. The wh i s t l e r -  

mode index of r e f r a c t i o n  is p lo t t ed  i n  Fig. 3 as a func t ion  of F with 

8 paramet r ic  and P = 2. For a given F (and P )  it is apparent  t h a t  !cos e l >  c o s  eR. 

T h i s  mode is f r equen t ly  represented by i t s  quas i - long i tud ina l  approximation 

for F' s i n 4  e/cos2 e c< (P2  - F212 .4-10) 

and i ts  resonance value,  lcos 81, is a l s o  ind ica t ed  i n  Fig. 3. When t h e  

s o l u t i o n  of t h e  emission equat ion is nea r  t h e  resonance, t h e  discrepancy 

between FR+ and lcos 6 1  can cause s e r i o u s  e r r o r s  i n  t h e  power eva lua t ion  i f  

t h e  approximation is used. 
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The extraordinary-mode frequency band Fz C F < FR- has  no s p e c i a l  
=. 

des igna t ion  nor  resonance approximation. It is shown i n  Fig. 4 z s  a 

func t ion  of F with 8 parametr ic  and P = 2.  R' Here, f?r s piven F >( P, lcos 81 < c o s  8 

From Eqs. ( 4 - 5 )  

and ( 4 - 6 )  it can be shown t h a t  t h e  e l e c t r i c  vec to r  of t h e  w h i s t l e r  mode 

always rotates i n  t h e  same sense as e l e c t r o n s  gyra te  about t h e  s t a t i c  

f i e l d .  The r o t a t i o n  t h e  o t h e r  mode has  t h e  same sense when F 7 P but  

is  oppos i te  when F 

> 

The p o l a r i z a t i o n  of t h e s e  modes is  q u i t e  similar. 

P because n-<l. 

Although t h e  ind ices  of r e f r a c t i o n  given in  Eq. (4-3)  are complicated 

a l g e b r a i c a l l y ,  when they  are s u b s t i t u t e d  i n t o  Eq. ( 3 - 2 3 ) ,  t h e  emission 

equat ion  f o r  both modes of propagation reduces t o  a quadra t i c  i n  cos 2 Bs(F) ,  

A cos4 eS + B cos2 eS + C = 0 ( 4-11) 

where 

A = B:F2[(P2-F2)3 - F 2 2 2  ( P  -F 1 3  + 82 2 P 2 2  F (F-s/y12, 

B = f32,F2[2(P 2 -F 2 2  ) + P2-2F2] ( F - s / y l 2  - P 2 (F-s/yI4, (4-12 ) 

2 2 2  4 
C = F ( P  -F +1) (F-s/Y) . 

The al lowable parameter ranges for B2 and P and al lowable f r equenc ie s  F are 

determined by t h e  condi t ion  t h a t  the  elementary r o o t s ,  

( 4 - 1 3  ) 

> are real ,  p o s i t i v e ,  <cos2 OR according t o  t h e  mode, +d < 1. 

s c r i p t s  which denote t h e  two r o o t s  should n o t  be confused with t h e  s u b s c r i p t s  

( f )  which denote t h e  two modes of propagation. 

These super-  

I n  keeping with t h e  emission 
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d i r e c t i o n s  assigned by Eq. (3-231, it is  requ i r ed  t h a t  0 2  e o  < n/2 ;  

0 \< e 

and 0 $ 8- < TD when s 

+ - + - 
3 n/2 when F > s/y,  s > 0;  o r  n/2< e 

0 i r r e g a r d l e s s  of F. 

$ ?i when F < s/y,  s > 0 ;  
S s + 

s .  

In  p r i n c i p l e  one could determine Fs(0) bu t  t h e  equation i s  an e i g h t h  

degree polynomial and i ts  a n a l y t i c a l  p r o p e r t i e s  are more obscure. 

Since t h e  t w o  propagation modes are q u i t e  d i f f e r e n t ,  t h e i r  emission 

p r o p e r t i e s  w i l l  be discussed separately.  

Ordinary-(whistler-) mode emission is discussed first. P t y p i c a l  set of 
+ - 

curves f o r  cos  O 

and s e v e r a l  a r b i t r a r y  va lues  of B2. 

hemisphere, t h e  normal cyclotron emission i s  i n  t h e  backward hemisphere and 
+ 

t h e  anomalous cyclotron emission i s  i n  t h e  forward hemisphere. 

cos O s  

below. 

on t h e  boundary cos 9;; however, there i s  always a r o o t  for  small  B 

index is  unbounded. 

be emi t t ed  along two cones defined by O s  

by O s  

cussed i n  t h e  next  s e c t i o n  is a l s o  shown. 

(F) are p l o t t e d  in Fig. 5 f o r  s = 0 ,  +1, +2, +3 with P = 2.25 
S - - -  

The Cerenkov emission is i n  t h e  forward 

The cos O s  and 

- 
r eg ions  are adjacent  but d i s t i n c t  with a boundary a t  cos 0; defined 

I n  t h e  Cerenkov case only the re  is  an upper l i m i t  5; on 5 which occurs  

when t h e  

It i s  apparent from t h e  p l o t s  t h a t  a piven frequency may 

2 

2 

+ - 
and 8, , alonp only one cone def ined 

- 
or may n o t  be allowed a t  a l l .  An upper bound on t h e  index which is d i s -  

The s o l u t i o n s  of t h e  emission equation f o r  t h i s  mode have a f e w  a n a l y t i c a l  

p r o p e r t i e s  which are q u i t e  e a s i l y  demonstrated. In  t h e  l o w  frequency l i m i t  

F << 1 (P - 1, < 1) t h e  so lu t ions  can be expanded i n  Maclaurin's series, 
B2 

cos2 os+ = [ ( F - s / ~ ) ~  [(F-s/y12 - B22(2P2+l)F21 

[1-0( B22F2 11 

'3 cos  2 -  os = {cos 2 e,/[1-B~(2P2+1)F2/(F-s/y) 1 

(4-14) 
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From t h e s e  express ions  it is e a s i l y  v e r i f i e d  t h a t  1 > cos2 eo + > cos 2 -  eo ' cos 2 eR, 
- 

2 +  > 1 for s # 0 ,  and cos2 0 approaches cos2 BR fo r  s # 0. Hence, as F Os 3 -. . cos 

decreases ,  FR+ decreases  f a s t e r  so t h a t  n+ approaches t h e  resonance l i m i t  at 

and no t  t h e  l i m i t  a t  F = 0. Also, t h e  emission is  t r a n s v e r s e  t o  B 

I n  t h e  Cerenkov l i m i t  8 = 0 (s = 0) t h e  emission equat ion has t h e  simple s o l u t i o n  

when F << 1. FR+ -0 

+ 
Fi (0 )  - 1 t 1  - - _- (1 - 4B2 2 P 2 y 2 ) 1 /2  

2 2  
( 4-15 

1 
5- Since F must be real, t h e  parameters must s a t i s f y  t h e  condi t ion  B2Py,< 

In t h e  cyc lo t ron  l i m i t  8 = 0 

elementary cubic  i n  F which always h a s  one r o o t  Fs(O o r  II) i n  t h e  range 0 e F < 1. 

By d e f i n i t i o n  t h e  boundary between the  two s o l u t i o n s  is 

o r  T,  t h e  emission equat ion reduces t o  an 

( 4-16) 2 -  2 
COS2 Os+ = cos  eS = -B/2A = COS 0; 

and t h e  vanishing d iscr iminant  B2 = 4AC determines F; and t h e  maximum 6; f o r  

t h e  case s = 0. 

The frequency s p e c t r a  and t h e  angular  p a t t e r n s  of t h e  power given by 

E q s .  (3-26) and (3-27) have been evaluated f o r  a f e w  s p e c i f i c  parameters. 

The r e s u l t s  f o r  Cerenkov r a d i a t i o n  and t h e  f i r s t  f e w  cyc lo t ron  harmonics 

a r e  presented  i n  Figs. 6and 7, 

been assigned t h e  va lues  fg = %/2n = 102 k c / s  and f p  = 9 / 2 n  = 229 kc / s  which 

correspond t o  t h e  magnetospheric locus L = 3, 

The p i t c h  angle  JI between t h e  e l e c t r o n ' s  v e l o c i t y  and 

so t h a t  62/$, = 6 

The parameters  of t h e  background medium have 

A = 30° def ined  i n  t h e  Appendix. 

has been set a t  30° 

I n  Figs. 6 and 7 t h e  r a d i a t e d  power is  shown for  t h e  e l e c t r o n  

k i n e t i c  ene rg ie s  KE = 10,  1000 keV (dashed and s o l i d  cu rves ) ,  t h e  very f i n e  

s t r u c t u r e  involv ine  AF < 0.01 is  omitted. When both r o o t s  of t h e  emission 

equat ion con t r ibu te  t o  t h e  power, t h e  s u p e r s c r i p t s  

t h e  va lues  of S. 

with very  l a r g e  amplitude f l u c t u a t i o n s  where t h e  index is u n r e a l i s t i c a l l y  

l a rge .  

s e c t i o n ,  are a l s o  included ( s o l i d  curves  only) .  

a r e  e x p l i c i t l y  given with 

The do t t ed  curves are mean va lues  of t h e  power i n  reg ions  

The effects of a bound on t h e  index, which a r e  d iscussed  i n  t h e  next  
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These f i g u r e s  demonstrate s eve ra l  unant ic ipa ted  f e a t u r e s  of t h e  emission 

process .  F i r s t ,  t h e r e  is  a broad maximum i n  t h e  Cerenkov spectrum and 

t h e  maxima i n  t h e  cyc lo t ron  spec t ra  are no t  a t  r (n) as l i n e a r  emission 

t h e o r i e s  t a c i t l y  assume. 

major po r t ion  of t h e  energy i s  r ad ia t ed  a t  l a r g e  emission angles  from 

t h e  s ta t ic  f i e l d  

Th i rd ly ,  t h e  energy i n  t h e  cyclotron harmonics inc reases  with harmonic 

number. 

i n f i n i t e  as F -+ 0 o r  8 -+ n/2. 

e l e c t r o n  inc reases  as B (o r  KE) decreases. (The i n f i n i t e  amount of energy 

ind ica t ed  by t h e s e  l a s t  t h r e e  p rope r t i e s  i s  suppressed by in t roducing  

thermal ,  i on ,  o r  c o l l i s i o n a l  e f f e c t  s .  

1 

Secondly, t h e  angular  p a t t e r n s  show t h a t  t h e  

(wave normal d i r ec t ion ,  no t  r a y  pa th  d i r e c t i o n ) .  

Fourthly,  t h e  energy r ad ia t ed  by t h e  cyc lo t ron  harmonics becomes 

Fina l ly ,  t h e  power r a d i a t e d  by a n o n r e l a t i v i s t i c  

2 

These p r o p e r t i e s  of t h e  power express ions  can be demonstrated approxi- 

mately without performing extensive numerical  ana lys i s .  From Eqs. (4-5) 

and (4-6) it i s  e a s i l y  v e r i f i e d  t h a t  / % I  >> l a  I = 1 f o r  0cc8ccn. 

r e s u l t  and t h e  emission equat ion a s  a d e f i n i t i o n  of n ,  and assuming t h a t  

IJBI << lakJsl and t h a t  t h e  p a r t i a l  d e r i v a t i v e s  of n a r e  slowly varying,  

t h e  power express ions  a r e  propor t iona l  t o  

Using t h i s  
8 

(4-17) 2 3 2  3 2 2 2  dPo/d€, d Po/dQ - F Jo t an28/B2(P -F ) 

s # O  ( 4-18) dPs/df, d2Ps/dR + s 2 2  FJstan28/y 2 3  B2(P 2 -F 2 2  

f o r  F # P. 

frequency p rope r t i e s .  

an3 t h e  power express ions  vanish  for a l l  s except 

For s m a l l  F t h e  approximation cos 8- = F v e r i f i e s  a d d i t i o n a l  

+ When 8 = 0 o r  R it is found t h a t  a k  = 0 ,  ae = - 1, X = 0 



where 

= P2(2F-1)/2(1-F)(P 2 2  -F +F) 
cF (4-20) 

2 2 2  
Ce = P /2(1-F)(P -F ) 

In  add i t ion  t o  t h e  r e s u l t s  a t  L = 3, A = 30° JI = 30°, t h e  power expres s ions  

have a l s o  been eva lua ted  a t  3, lSO, 19O; 6, 45O 19O; and 6 ,  15O, 6 O ,  i n  o rde r  

t o  a s c e r t a i n  t h e  e f f e c t  of varying f g r  f p r  and 11. 

f r equenc ie s  vary considerably,  t h e  gene ra l  shape of t h e  frequency s p e c t r a  

and angular  p a t t e r n s  do not  change appreciably.  

it i s  found t h a t  a 1 0  keV e l e c t r o n  a t  6 ,  15O, 6 O  r a d i a t e s  less than 

Although t h e  r e l e v a n t  

As a q u a n t i t a t i v e  example, 

w a t t s / ( c / s )  a t  f requencies  above 1 kc/s  ( t h e  lowest considered)  although fg  = 

5.5 k c / s  and f p  = 70 kc / s  so t h a t  n is l a r g e ,  and fur thermore below 1 kc / s  t h e  

cyc lo t ron  emission i s  confined t o  90° < 8 < looo. 

Extraordinary-mode emission i s  cons iderably  more complicated than ordinary-  
+ 

mode emission. The emission equation r o o t s  cos OS-(F) are p l o t t e d  in Fig. 8 

f o r  s = 0,*1,*2,*3,&4 with P = 2.25 and a f e w  a r b i t r a r y  va lues  of 8,. The 

Cerenkov emission is  again i n  t h e  forward hemisphere bu t  t h e  cyc lo t ron  emission 

is spread  over both t h e  forward a n d  backward d i r ec t ions .  The complicated 

n a t u r e  of t h e  s o l u t i o n  f o r  F " s / y S  P is q u a l i t a t i v e l y  expected from Eq. (3-23) 

and t h e  d i s c o n t i n u i t y  a t  F = P for  small 82 is  a t t r i b u t a b l e  t o  t h e  sharp  change 

i n  n, t h e r e .  
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Emission i n  t h i s  mode is r e s t r i c t e d  by t h e  index t o  t h e  frequency band 

Some a n a l y t i c a l  p r o p e r t i e s  of t h e  s o l u t i o n s  are 2 . F, < F < FflAX = (P t1)1/2. 

observed by expanding them i n  t h e  l i m i t  B, << 1, 

Y * .- 

COS 2 +  es = (1-s/yF)2/822 t 6 t (P2-F2)/P2 - (P2-F2I3/P2F2 t 0(B22) (4-21) 

where 

6 = 2F2/P2 - 1 - 2(P2-F2)2/P2-cos2 OR ( 4-22 ) 

t I n  gene ra l  F $s/y so t h a t  cos2 O s  

and cos 

t r i b u t e  t o  t h e  emission p a t t e r n  depending on t h e  o t h e r  parameters. 

expansion f o r  cos  Bs is not  v a l i d  when F --"s/y. A t  F = P # S/Y it is  found 

t h a t  6 = 0 and cos OR = 1 so t h a t  COS Os -1. Also, a t  t h e  frequency band 

l i m i t  F = (P'+~I~/~, cos 

> 1 due t o  t h e  first term in i t s  expansion 

s/y t h e  r o o t  cos2 est may con- 2 -  Os e c o s 2  e,( <1 f o r  F > P). When F 

However, t h e  
- 

2 2 -  N 

2 -  2 es - cos eR = 0. 

The frequency s p e c t r a  and angular p a t t e r n s  of t h e  Cerenkov and cyclotron 

power r a d i a t e d  i n  t h e  extraordinary mode by 10  and 1000 keV e l e c t r o n s  a t  L = 3 ,  

X = 30°, with + = 30° a r e  shown in  Fips. 9 and 10. 

energy is  r a d i a t e d  a t  small angles  t o  t h e  s ta t ic  f i e l d  B 

fundamental. 

by a bound on t h e  index as before.  

i s  n o t  adequately descr ibed by t h i s  formalism; it c o n s i s t s  of e lec t r ic  waves 

(Ex ,  E o  = 0,  E # 0)  which t r a v e l  with *?-e source (B2n = I) a n d  t h e  i n f i n i t e  

power obtained here  i s  inva l id .  

has  been given by Gerwin and Cuernsey (1963). 

I n  t h i s  node much of t h e  

by t h e  cyclotron 
4 

2 The power s i n g u l a r i t y  a t  0 = n/2, F = (P +ll1I2 is suppressed 

The Cerenkov emission n e a r  €! = 0 ,  F = ? 

k 

A d e t a i l e d  t reatment  of  t h i s  Cerenkov effect  
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Since t h e  elementary model plasma descr ibed in t h e  l as t  s e c t i o n  

l e a d s  t o  t h e  emission of an i n f i n i t e  amount of energy by t h e  gy ra t ing  

e l e c t r o n ,  it is necessary t o  introduce some a d d i t i o n a l  effects which 

w i l l  l i m i t  t h e  emission and give a p h y s i c a l l y  meaningful r e s u l t .  The 

major f a c t o r s  which were omitted previously are thermal  motion, i o n i c  

motion, and c o l l i s i o n s  i n  t h e  background medium. For VLF propagation 

i n  t h e  magnetosphere and c e r t a i n  o the r  a p p l i c a t i o n s ,  t h e  dominant mod- 

i f i c a t i o n  of t h e  propagation p rope r t i e s  i s  obtained by including thermal 

mot ion  alone. 

Mathematically t h e  boundless energy r a d i a t e d  i n t o  t h e  plasma 

niedium 

and 8 it 

8 when F 

i n  creases 

R 

is due t o  t h e  unbounded p rope r ty  of  n at FR** From Figs. 5 
t 

is  evident  t h a t  

approaches 0, 8 

sha rp ly  because 

t h e  solut ion o f  t h e  emission equat ion approaches 

approaches n/2, or 1s I i n c r e a s e s ,  and t h e  power 

% is p ropor t iona l  t o  n . 2 Consequently, a 

p h y s i c a l  process  which introduces a f i n i t e  upper bound ;* on t h e  index 

is e s s e n t i a l  i f  t h e  r a d i a t i o n  is t o  have 2hys ica l  meaning. Furthermore, 

such a bound impl i e s  lcoseS 1 
cording t o  Eq. (3-23), and t h e  values of t h e s e  l i m i t s  depend on t h e  

e x p l i c i t  form of n*. 

Icos&(, F 2 T,, 1s I < L,, and 82 > J2& ac- 

An a r t i f i c i a l  bound on t h e  index is introduced he re  t o  demonstrate 

t h e  q u a l i t a t i v e  effect t h a t  it produces on t h e  frequency s p e c t r a  and 

angular  p a t t e r n s  of t h e  r a d i a t e d  power. The index i s  assumed t o  be 

given by Eq. (4-3) when nf c nf and by fi - - 
when nf > n&. Since n* i n c r e a s e s  .f: 
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monotonically as jcosegl approaches c o s  eR, t h e  s o l u t i o n  of t h e  emission 

equa t ion  i s  c u t o f f  ;!t t h e  d i s c o n t i n u i t y  where icos e - ]  = icos e,]. 

1 0  t h e  cu to f f  i s  shown f o r  t h e  case n’ = 20. 

a r t i f i c i a l  case i s  descr ibed by t h e  s o l i d  curves. Although t h e  sharp 

edges would disappear  f o r  a continuous index, t h e  dominant maxima are 

expected t o  remain. I t  i s  noteworthy t h a t  t h e  n o n r e l a t i v i s t i c  maxima 

i n  both propagation modes occur at  t h e  cutoff (Figs.  6 and 9) so t h a t  a 

s m a l l  change i n  t h e  cutoff  l oca t ion  produces a l a r g e  change i n  t h e  

r a d i a t e d  power. 

t a t i v e l y  app l i cab le  t o  a real case depends on t h e  v a l i d i t y  of t h e  

index approximation which i s  discussed below. 

i n  Figs. 5 t o  
S 

The f i n i t e  power f o r  t h i s  

The ex ten t  t o  which t h i s  a r t i f i c i a l  case is quanti-  

I n s o f a r  as t h e  index approximation is  v a l i d ,  a comparison can be made 

between t h e  power i n  t h e  d i f f e r e n t  harmonics and between d i f f e r e n t  e l e c t r o n  

energies .  

i n t e rmed ia t e  e n e r g i e s  ( n o t  shown). 

and anomalous cyclotron harmonics and t h e  Cerenkov r a l i a t i o n  (when it e x i s t s )  

is  comparable a t  a eiven energy. 

c r e a s i n g  func t ion  of $ 

r e l a t i v i s t i c  speeds with an average l e v e l  of 

mode and The ranee of speeds 0, 

which allow Cerenkov r a d i a t i o n  is  seve re ly  r e s t r i c t e d  from below by a bounded 

index and above by lack of a po la r i za t ion  i n t e r a c t i o n .  

t h e  h ighe r  cyclotron harmonics dominate but t h e y  are res t r ic ted  by t h e  upper 

bound F. 

For t h i s  purpose t h e  power expressions were evaluated a t  a f e w  

I n  gene ra l  t h e  maximum power i n  t h e  normal 

The t o t a l  r a d i a t e d  power i s  a slowly de- 

( o r  k i n e t i c  enerpy for a f i x e d  p i t c h  anFle) a t  non- 
2 

watts / (c /s)  i n  t h e  o rd ina ry  

watts/(c/s)  i n  t h e  ex t r ao rd ina ry  mode. 

A t  r e l a t i v i s t i c  speeds 

The formulas f o r  t h e  d i e l e c t r i c  t e n s o r s ,  p o l a r i z a t i o n  c o e f f i c i e n t s ,  and 

refractive i n d i c e s  which include a d d i t i o n a l  effects are q u i t e  
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complicated and d i f f i c u l t  t o  apply. The ex ten t  of t h e i r  in f luence  . 
c?rl the r e s l r l t s  is ev2lusted 3pprcxinsteLy here by CCnsiderinE SG;;;2 

s p e c i a l  cases. 

Random thermal  motion is considered f i r s t .  Since it t ends  t o  

d i so rgan ize  t h e  ordered motion which is  e s s e n t i a l  f o r  wave propagat ion,  

t h e r e  is  a minimum phase v e l o c i t y  ( o r  5 ) which t h e  thermal  medium f 
can support .  The d i e l e c t r i c  tensor  f o r  a thermal  medium is known, 

and an ex tens ive  review of t h e  theory has  been given by S t i x  (1963). 

However, t h e  d i spe r s ion  equat ion is  so complicated i n  genera l  t h a t  it 

has only been solved i n  a f e w  s p e c i a l  cases .  In p a r t i c u l a r  f o r  9 = 0 

( o r  TI, t h e  maximum occurs  a t  F = 1 and f o r  a Maxwellian d i s t r i b u t i o n  

with temperature T ,  i t s  value i s  E+ 31/2P2/3( m n ~ ~ / K T ) l / ~ / 2 .  Liemohn 

and Scar f  (1963) used a bell-shaped a l g e b r a i c  d i s t r i b u t i o n  which g ives  

a much s impler  d i spe r s ion  equat ion t o  s tudy t h e  l o n g i t u d i n a l  w h i s t l e r  

mode n+( e o ) .  They found t h a t  t h e  zero-temperature index is a v a l i d  

2 1 / 2  approximation when 1-F >> ( K T / m c  1 n As ye t  nt h a s  no t  been s tud ied  t o  

f o r  a r b i t r a r y  8,and n- has no t  been considered a t  a l l ' a l t h o u g h  s i m i l a r  

behavior  is an t i c ipa t ed .  

It i s  impossible t o  accura te ly  assess t h e  t h e r m a l  effect on t h e  

emission with t h i s  l i m i t e d  amount of  information about t h e  index. 

Nevertheless  some specu la t ion  is conceivable. 

case T = 1250OK and P = 2.25, t h e  zero-temperature index f o r  8 = 0 or II 

i s  v a l i d  when 1-F >> 0.02 and n+ 4 n+ = 20 (see Fig. 3 ) .  

discont inuous  index used i n  Figs. 5 t o  7 is a good approximation when 

For t h e  magnetospheric 

- 
Hence, t h e  a r t i f i c i a l  

lcos € I > > O .  A t  o the r  angles  of emission and in t h e  extraordinary mode the 

v a l i d i t y  of t h e  index approximation is unknown at present .  
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In  a thermal  magnetoplasma t h e  e lectromagnet ic  waves are also 

&sorbed as they pi-opagate so t h a t  the power expressions are m1y 

v a l i d  n e a r  t h e  source. The absorption is  due t o  t h e  cyclotron resonance 

mechanism. 

Doppler s h i f t  of t h e  propagation frequency i n  t h e  rest frame of each 

electron. 

v e l o c i t y  component which s h i f t s  t h e  propagation frequency t o  t h e  

resonance. 

angle  of propagation a s  w e l l  a s  t h e  thermal  v e l o c i t y  d i s t r i b u t i o n  of  

t h e  e l ec t rons .  

d i s p e r s i o n  equation. 

power s p e c t r a  and p a t t e r n s  w i l l  change a5 t h e  s i g n a l  propagates away 

from t h e  source. Fortunately,  i n  many a p p l i c a t i o n s  t h e  temperature of 

t h e  plasma is so low t h a t  very few e l e c t r o n s  r e sona te  and t h e  thermal 

a t t e n u a t i o n  i s  n e g l i g i b l e .  If the background plasma has an apprec i ab le  

number of "fast" e l e c t r o n s  due t o  a high temperature o r  o t h e r  sources ,  

however, t h e  damping must be considered. 

The component of thermal motion p a r a l l e l  t o  B+ causes  a 

For each angle  of propagation t h e r e  is a corresponding 

Hence, t h e  damping decrement depends on t h e  frequency and 

Its value is determined by t h e  gene ra l  s o l u t i o n  of t h e  

Due t o  t h e  frequency and angu la r  dependence, t h e  

I n  a r ecen t  series of papers s e v e r a l  l i m i t i n g  cases of emission i n  

a thermal  magnetoplasma are analyzed by Pakhomov, Stepanov, and Aleksin 

(1962, 1963a, 1963b). 

index va lues  n -1 where s e v e r a l  approximations for t h e  emission equat ion 

and t h e  power could be made. When t h e  l i m i t a t i o n  on n is  re l axed  o t h e r  

r e s t r i c t i o n s  on w o r  8 are imposed. 

of s p e c i a l  cases but do not  provide information about t h e  complete frequency 

s p e c t r a  and emission pa t t e rns .  

i s  t h a t  t h e  thermal a t t e n u a t i o n  f a c t o r s  are included e x p l i c i t l y .  

In  general  t h e i r  a n a l y s i s  is r e s t r i c t e d  t o  t h e  

+, 

f 

Hence, t h e i r  r e s u l t s  cover a v a r i e t y  

A convenient f e a t u r e  of t h e i r  expressions 
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Due t o  t h e  i n e r t i a  of t h e  ions,  t hey  only i n t e r a c t  appreciably 

with t h e  electromagnet ic  t i e l d s  when F << 1. 

has shown t h a t  t h e  index is bounded f o r  8 - OR and i o n i c  effects are 

important when F < (m/!-!)1’2. Since cos8-* F when P > 1 according t o  

Eq. (4-141, t h e  l i m i t  is also app l i cab le  t o  t h e  angle  of  emission. For 

t h e  p a r t i c u l a r  case of ionized hydrogen, t h e  l i m i t  is so c l o s e  t o  t h e  

t r a n s v e r s e  d i r e c t i o n  t h a t  t h e  bound imposed on t h e  power i s  extremely 

l a r g e  compared t o  t h e  a n t i c i p a t e d  thermal bound. 

effects  can usua l ly  be disregarded. 

In  t h i s  region Hines 61957) 

Consequently i o n i c  

C o l l i s i o n s  which t h e  e l c t r o n s  make with heavy p a r t i c l e s  i n  t h e  medium 

are u s u a l l y  approximated by a viscous damping f o r c e  i n  t h e  equat ion of 

motion. 

t o  the rma l  motion. 

Ginzburg (1960) and others .  In general  c o l l i s i o n s  are on ly  important when 

t h e  c o l l i s i o n  frequency wc s a t i s f i e s  w > w. I n  t h e  magnetosphere w < 1 0  

r a d / s e c  so t h a t  c o l l i s i o n s  are neg l ig ib l e  i n  t h e  VLF band. Unfortunately,  

t h e  d i e l e c t r i c  t e n s o r  for  t h i s  elementary theory is n o t  hermit ian so 

t h a t  when c o l l i s i o n s  must be included a d i f f e r m t  formulbtion of the 

problem is needed. 

Such a f o r c e  restricts t h e  wave propagation i n  a manner s i m i l a r  

The theory has been reviewed by R a t c l i f f e  (19591, 

C -  C 



The foregoing p r o p e r t i e s  of t h e  r a d i a t i o n  from e l e c t r o n s  in  a magneto- 

plasma suggest some conclusions about t h e  r o l e  t h a t  e l e c t r o n  emissions 

might p l a y  i n  t h e  generat ion of VLF and LF emissions, 

prospec t ive  source is t o  compare t h e  t h e o r e t i c a l  and observed power of 

An important test for  any 

t h e  s igna l .  

d i s p e r s i o n  p a t t e r n s  as w e l l  as continuous bands, some mechanism i s  needed 

t o  provide f o r  frequency select ion. 

suggest another  strong signal which is  only obsemableby satellites or  rockets .  

Also, s i n c e  t h e  emissions have a wide v a r i e t y  of d i s c r e t e  

F i n a l l y ,  t h e  emission p r o p e r t i e s  

In  t h e  magnetosphere t h e  geomagnetic f i e l d  and t h e  plasma d e n s i t y  

vary so slowly i n  space and t i m e  t h a t  t h e  propagation theory f o r  uniform 

media is  u s u a l l y  acceptable.  

f i c a n t l y  over s e v e r a l  wavelengths so t h a t  a s i g n a l  which propagates i n  

one region may be absorbed a t  a resonance o r  r e f l e c t e d  a t  a c u t o f f  i n  a 

nearby region. A f u r t h e r  complication is presented by t h e  ionosphere where 

t h e  e l e c t r o n  d e n s i t y  inc reases  sharply. On t h e  peomagnetic equa to r  t h e  

cyc lo t ron  frequency v a r i e s  continuously as t h e  inve r se  cube of g3ocen t r i c  

d i s t a n c e  f r o m c l  k / s  a t  t h e  e a r t h ' s  s u r f a c e  t o  -1 k c / s  nea r  10 e a r t h  r a d i i .  

The v a r i a t i o n  of t h e  plasma frequency i s  very s imilar  with a range from 

2 5  Mc/s i n  t h e  F2 peak of t h e  ionosphere t o ~ 2 0  kc / s  n e a r  10  e a r t h  r a d i i .  

Gathematical models of t h e  region which include l a t i t u d e  e f f e c t s  are 

presented i n  t h e  Appendix. 

However, t h e  magnetosphere changes s i g n i -  

In  t h e  magnetosphere P v a r i e s  from-0.03 tom20.  

A t  t h e  conclusion of s e c t i o n  3 it was noted t h a t  t h e  r ay  pa th  followed 

by t h e  electromagnet ic  energy i s  not i n  t h e  wave normal d i r e c t i o n  (8) but 

r a t h e r  is i n  t h e  time-average Poynting v e c t o r  d i r e c t i o n  much c l o s e r  t o  t h e  
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I * 
magnetic f i e l d  d i r ec t ion .  As a r e s u l t  it is f r equen t ly  assumed t h a t  t h e  

r a y  p a t h  follows a magnetic f l u x  tube. h h i l e  such  an approximation is  

quest ionable ,  it provides  a convenient framework f o r  d i scuss ing  some gene ra l  

propagation p r o p e r t i e s  of e l e c t r o n  emissions from t h e i r  sources  t o  p o t e n t i a l  

receivers 

Due t o  t h e  cu to f f s  and resonances of t h e  modes, t h e  s i g n a l s  only 

propagate i n  w e l l  defined r eg ions  of t h e  magnetosphere. I n  t h e  w h i s t l e r  

mode t h e  emit ted f r equenc ie s  can always propagate i n t o  r eg ions  of i nc reas ing  

w 

if F < FR+ (neg lec t ing  thermal  and c o l l i s i o n a l  e f f e c t s ) .  

o rd ina ry  mode t h e  emit ted frequencies can propagate i n t o  r eg ions  of 

i n c r e a s i n g  w 

i n t o  r eg ions  of decreasing % if F <  F 

mode can p e n e t r a t e  t h e  ionosphere and reach t h e  p o u n d  whereas s i g n a l s  

(inward) but  can only propagate i n t o  r e g i o n s  of decreasing w (outward) B B 
In t h e  e x t r a -  

u n t i l  F = Fz where they are r e f l e c t e d  and can propagate B 

Hence, t h e  s i g n a l s  i n  t h e  w h i s t l e r  K-' 

i n  t h e  o t h e r  mode are r e f l e c t e d  i n  gene ra l  above t h e  ionosphere,  and both 

modes have a minimum upper frequency l i m i t  which occurs  a t  t h e  equator ,  A 

schematic diagram of p o s s i b l e  propagation p a t h s  is shown i n  Fig. 11. Since 

p a r t  of t h e  w h i s t l e r  mode energy i s  r e f l e c t e d  a t  t h e  ionosphere by i r r e g u l a r -  

i t i e s ,  an emission may echo between hemispheres. S imi l a r  echoing i n  t h e  

ex t r ao rd ina ry  mode is only possible  when t h e  source is very n e a r  t h e  equator.  

A d e t a i l e d  c a l c u l a t i o n  of t h e  VLF and LF power which i s  r a 2 i a t e 6  i n t o  t h e  

magnetosphere is  impossible a t  t h i s  t i m e  because t h e  propapation p r o p e r t i e s  a r e  

n o t  f u l l y  understood and t h e  phase space d i s t r i b u t i o n  of t h e  e l e c t r o n s  is un- 

known t o  a laree extent .  

coherent  and coherent sources  must s u f f i c e .  

Hence, some crude estimates of t h e  power from in- 

F i r s t ,  it w i l l  be shown with a s p e c i f i c  n u x e r i c a l  c a l c u l a t i o n  t h a t  

incoherent  e l e c t r o n  emissions apparently cannot account f o r  t h e  observed 
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emissions received on t h e  pround in t h e  w h i s t l e r  mode. 

magnetos2heric e l e c t r o n s  :ie which emit appreciable  r a d i a t i o n  is assumed 

t o  be ~ 0 . 1  elect/cm3 which is f a i r l y  c o n s i s t e n t  with s a t e l l i t e  measurements 

r epor t ed  by O'Brien (1962) and wh i s t l e r  a n a l y s i s  by Liemohn and Scarf 

The d e n s i t y  of 

(1964). 

equator at 3 e a r t h  r a d i i  (L = 3)  is found t o  be &lo1* c m  

of t h e  numerical r e s u l t s  for  t h e  o rd ina ry  mode t h e  average emit ted power f e  

along t h e  flux t ube  is assumed t o  be on t h e  o r d e r  ofIY10'30 watts/(c/s) .  

t h e s e  gross approximations t h e  incoherent power a t  t h e  base of  t h e  f l u x  tube 

is found t o  be watts/cm (c/s).  

below t h e  observed power l e v e l  Pp of 

mapnetosphere (above t h e  ionosphere). 

The volume of a flux tube with a 1 cmL baqe which c rosses  t h e  

3 On t h e  basis 

With 

2 T h i s  is  s e v e r a l  o rde r s  of rraEnitude 

2 watts/cm ( c / s )  a t  t h e  base of t h e  

Secondly, coherent ernissions from "bunches" of e l e c t r o n s  are shown 

t o  be a f e a s i b l e  source of t h e  emissions. 

of i n d i v i d u a l  sources  must be i n  phase f o r  coherent r a d i a t i o n ,  t h e  t o t a l  

power is p ropor t iona l  t o  t h e  number of emitters squared. 

size of t h e  bunch i s  determined by equat ing t h e  observed power over area 

Ar t o  t h e  emitted power f r o m  an extended source of c r o s s  sectio:! Ae and 

l eng th  1, with coherent e f f i c i e n c y  E, 

Since t h e  electromagnet ic  f i e l d s  

The r equ i r ed  

The r a d i a t i o n  is assumed t o  be confined t o  a f l u x  tube so t h a t  Br% = BeAe. 

Then, with t h e  va lues  of Pr, Pe, and Ne given above and t h e  a r b i t r a r y  

assumptions B /B = 0 . 1  and E = 0,001 Eq. (6-1) reduces t o  A e l e 2  = cm 4 . e r  
Hence, t h e  dimensions o f  t h e  bunches are small r e l a t i v e  t o  t h e  magnetosphere 
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and t h e  scale is  comparable t o  a few wavelenehs .  On t h e  b a s i s  of t h i s  crude 

' 
caicuj.atifin it appeears f e a s i b l e  tl.,at c&erezt  emissicn f r ~ m  electron himrhes 

is a conceivable source of t h e  emissions i n  t h e  ordinary rode. 

Since t h e  e l e c t r o n  emissions a re  continuous over  a wide band of f r equenc ie s ,  

t h e  d i s c r e t e  na tu re  of t h e  observed VLF emissions must be a t t r i b u t e d  to t h e  

coherent  i n t e r a c t i o n .  The t r i g g e r i n p  of emissions which H e l l i w e l l  (1963) has 

observed sugges t s  t h a t  s t r o n g  wh i s t l e r  mode s i g n a l s  from l i g h t n i n g  s t r o k e s  

i n t e r a c t  w i t h  t h e  e l e c t r o n s  and organize t h e i r  phase space d i s t r i b u t i o n  so t h a t  

s p e c i f i c  f requencies  a r e  amplified by coherence. 

mechanisms which may produce t h i s  bunchinp have been reviewed by Brice (1964). 

The one-dimensional ca l cu la t ions  by Dowden ( 1 9 6 2 ~ )  and o t h e r s ,  which 

support  t h e  theory t h a t  emission a t  t h e  Doppler-shifted f u n 2 m e n t a l  cyclotron 

frequency (F1(m)) is re spons ib l e  f o r  hooks, is no t  r u l e d  out  by t h e s e  r e s u l t s ,  

bu t  it is much more l i k e l y  t h a t  s t ronper  emissions a t  o t h e r  f requencies  i n  

non long i tud ina l  d i r e c t  i ons  dominate t h e  coherent s i g n a l s .  

t ube  ampl i f i ca t ion  of incoherent s i p n a l s  which is proposed by H e l l i w e l l  and 

Callet (1959) seems improbable because a ga in  of s e v e r a l  c r d e r s  of mapnitude 

is required.  

The va r ious  i n t e r a c t  ion 

The t r a v e l i n g  wave 

The power i n  t h e  extraordinary mode i s  considerably s t r o n g e r  than t h a t  i n  

t h e  o rd ina ry  mode above t h e  ionosphere. 

f o r  t h i s  mode t o  produce s i g n a l s  which are d e t e c t a b l e  i n  t h e  presence of t h e  

observed w h i s t l e r  mode n o i s e  level .  

Hence, much less coherence i s  necessary 

The averape power l e v e l  is on t h e  o r d e r  of 

9 w a t t s / ( c / s )  so t h a t  10 e l e c t r o n s  i n  t h e  f l u x  tube descr ibed above pro- 

2 duce w a t t s / c m  (CJS)  o f  incoherent power a t  t h e  base of t h e  tube.  Rocket 

observat ions by FJalsh, Haddock, and Schul te  (1963) have revealed i n t e n s e  n o i s e  

s i g n a l s  i n  t h e  ex t r ao rd ina ry  node so t h a t  t h i s  mode cannot be ignored. 
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Cer ta in ly  t h e  c a l c u l a t i o n s  presented here  are based on very l i m i t e d  

numerical  r e s u l t s  and must be considered as only prel iminary estimates of  t h e  

power l e v e l s .  

a d d i t i o n a l  l i m i t i n g  phys ica l  e f f e c t s  such as  thermal Pot ion an? perhaps col-  

l i s i o n s .  However, t hey  serve t o  point out  some inherent  weeknesses i n  t h e  

e x i s t i n g  t h e o r i e s  f o r  VLF emissions i n  t h e  o rd ina ry  mode, and they  p o i n t  o u t  

complications by t h e  ex t r ao rd ina ry  mode when observat ions are Fade above t h e  

ionosphere. 

an a d d i t i o n a l  t es t  f o r  f u t u r e  t h e o r i e s  of VLF and LF e n i s s t o n s  which a r e  

A thorough q u a n t i t a t i v e  a n a l y s i s  must  await  t h e  inc lus ion  of 

Furthermore, o rde r  of nagnitude c a l c u l a t i o n s  of t h e  power provide 

based on charged p a r t i c l e  r ad ia t ion  i n  a plasma. 
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APPEND1 X 

The magnetic f i e l d  o f t h e  earth is  c l o s e l y  approximated by a d i p o l e  

f i e l d  of t h e  form 

- 3  B = b(-2 sinA R + cosx X)/R 
-0 

where R is t h e  geocen t r i c  r a d i a l  dis tance and X i s  geomagnetic l a t i t u d e .  

With R expressed i n  e a r t h  r a d i i  the d i p o l e  moment b is  0.313 gauss ( e a r t h  

r a d i i )  . The f i e l d  l i n e  equat ion is 3 

R = L cos2 X 

where L is t h e  r a d i a l  d i s t a n c e  at which t h e  f i e l d  l i n e  i n t e r c e p t s  t h e  

equa to r  (McIlwain L parameter). The scalar f i e l d  i s  Eiven by 

Bo = b ( l  + 3 sin2 h)1’2/L3 cos6 h 

Several  mathematical models which c l o s e l y  approximate the  thermal 

I n  t h i s  a n a l y s i s  plasma dens i ty -  in t h e  magnetosphere have been proposed. 

t h e  f i e l d - l i n e  d i f f u s i o n  model by Johnson (1962)  is used, 

N = 12500R03 cos6A exp (CRol sin2 A) R > 1.3 
0 

where G =MgRe/2KT is t h e  s c a l e  f a c t o r  of t h e  medium i n  e a r t h  r a d i i  (Re). 

The temperature of t h e  plasma T i s  u s u a l l y  assumed t o  be -1250’K which 

g i v e s  G = 3. 
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The motion of high-energy e l ec t rons  i n  t h i s  medium is descr ibed  by 

t h e  f i r s t - o r d e r  o r b i t  t heo ry  f o r  trapped p a r t i c l e s  (Welch and Whitaker, 

1959;  Chamberlain, 1963). The e l ec t rons  a r e  cons t ra ined  t o  follow h e l i c a l  

o r b i t s  along magnetic f l u x  tubes  and a r e  r e f l e c t e d  a t  conjugate mir ror  

p o i n t s  i n  oppos i te  hemispheres. 

here.  

angle  JI between t h e  v e l o c i t y  and f i e l d  vec to r s  is  r e l a t e d  t o  i t s  e q u a t o r i a l  

va lue  J,, by 

The l ong i tud ina l  motion is neglec ted  

Due t o  conservat ion of t h e  e l e c t r o n ' s  magnetic moment, t h e  p i t c h  

The l a t i t u d e  of t h e  mir ror  po in t  A 

t h i s  equation. 

parameters ,  L and $e, which are independent of t h e  k i n e t i c  energy. 

is determined by s e t t i n g  J, = n/2 in m 

Hence, t h e  o r b i t  is completely s p e c i f i e d  by only two 
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Fig. 6a 

F ige  6b 

The pos i t i on  and v e l o c i t y  coord ina tes  of an e l e c t r o n  on a 

h e l i c a l  t r a j e c t o r y .  

The components of  t h e  e l e c t r i c  vec to r  E of t h e  r a d i a t i o n  f i e l d  

i n  a magnetoplasma. The wave normal k and t h e  Poynting vec to r  

S a r e  no t  p a r a l l e l  i n  general. 
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The ord inary  ( w h i s t l e r )  mode index of r e f r a c t i o n .  The quasi-  

l o n g i t u d i n a l  resonance approximation I cos  8 I and t h e  thermal 

cu to f f  f o r  l o n g i t u d i n a l  ( 0  = Oo) propagation a r e  a l s o  shown. 

The ex t r ao rd ina ry  mode index of r e f r a c t i o n .  
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Solu t ions  of t h e  emission equat ion 8' (F) f o r  Cerenkov (s=O) 

and normal ( s  > 0 )  and anomalous (s<O) cyclotron r a d i a t i o n  i n  

t h e  ord inary  ( w h i s t l e r )  node. 

Frequency s p e c t r a  of Cerenkov (SO) and normal (s>O) and anomalous 

(s<O) cyclotron r ad ia t ion  i n  t h e  ord inary  ( w h i s t l e r )  mode from 

a 10 keV e l e c t r o n  i n  a mapnetoplasma. (L = 3.0, A = 30°) 

Pnpular p a t t e r n s  of Cerenkov (s=O) and normal (s>O) and anomalous 

(s<O) cyclotron r ad ia t ion  i n  t h e  ord inary  ( w h i s t l e r )  node frorr. 

a 1 0  keV e l e c t r o n  i n  a mzgnetoplasma. (L = 3.0, h = 30°) 
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Fig. 7a Frequency s p e c t r a  of normal (SO) and anomalous (s<Oj cyclotron 

r a d i a t i o n  i n  t h e  ord inary  ( w h i s t l e r )  Rode from a 1000  keV e l e c t r o n  

i n  a magnetoplasma. ( L  = 3.0, X = 30°) 

Fig. 7b Angular p a t t e r n s  of normal (s>O) and ancmalous ( S O )  cyclo t ron  

r a d i a t i o n  i n  t h e  ord inary  ( w h i s l t e r )  node from a 1000 keV e l e c t r o n  

i n  a magnetoplasma. ( L  = 3.0, A = 30°) 

Fig. 8 Solu t ions  of t h e  emission eaua t ion ' e -  ( F )  f o r  Cerenkov ( s  = 0 )  
+ 
s 

and noma1  ( s  > 0 )  and. anomalous ( s  < 0 )  cyclo t ron  r a d i a t i o n  i n  t h e  

ex t raord inary  mode. 

Fig. 9a Frequency s p e c t r a  of Cerenkov (s=O) and normal (s>O) and anomalous 

(s<O)  cyclotron r a d i a t i o n  i n  t h e  ex t raord inary  mode from 

a 1 0  keV e l e c t r o n  i n  a magnetoplasma. ( L  = 3-0, X = 30°) 

Fig. 9b Angular p a t t e r n s  of Cerenkov (s=O) and norna l  (s>O) and anomalous 

(s<O) cyclotron r a d i a t i o n  i n  t h e  ex t r ao rd ina ry  mode frnrc .z 10 keV 

e l e c t r o n  i n  a mapnetoplasma. (1, = 3.0, A = 30°) 

Fie ,  10a Frequency s p e c t r a  of Cerenkov (s=O) and normal (s>O) and anomalous 

(SO) cyclo t ron  r a d i a t i o n  i n  t h e  ex t r ao rd ina ry  mode from a 1000 

keV e l e c t r o n  i n  a maQetoplasma. (L = 3.0, X = 30°) 

Fig. 10b Angular p a t t e r n s  of Cerenkov (s=O) and normal (s>O) and anomalous 

(s<O) cyclotron r a d i a t i o n  in t h e  ex t r ao rd ina ry  mode from a 1000  

keV e l e c t r o n  i n  a mapnetoplasma, (L = 3.0, X = 30°) 
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’ Fig. lla Poss ib le  r a y  (energy) paths  f o r  t h e  ord inary  ( w h i s t l e r )  mode 

of propagation i n  t h e  magnetosphere. 

Fig. l l b  Poss ib l e  r ay  (energy) paths for the ex t r ao rd ina ry  mode of 

propagation ;n t he  magnetosphere. 



- 51 .. 



e 

B 
-0 

- 52 - 

F I G U E  2 



- 53 - 

1000 

100 

"+ 

IO 

I l l l l l  I I I 

0 0.2 0.4 0.6 0.8 I .o 
F 

FIGUhE 3 



100 

IO 

i *o 

0.1 

P= 2 

I I  I I I 

F 
1.6 I, 8 2.0 2.2 

FIGUKE 4 



- 55 - 

I .- 

+ I  .o 

cos 80 
+0.5 

0 

+ 1.0 

cos 8 
-I 

+ 0.5 

0 

-0.5 

cos %I 

-I .o 

0 0.2 0.4 0.6 0.8 I .o 
F 

0 
30 

80 
60 

90 

CYCLOTRON P12.25 

- < -  _ _ _ _  n n = 20 

0 
30 

8 

60 
-I 

90 

120 

8+1 

150 
180 

0 0.2 0.4 0.6 
F 

0.8 I .o 

FICURE 5 



- 56 - 

0 

-0.5 

cos 8 
+2 

-1.0 
0 0.2 0.4 0.6 0.8 1.0 

F 

+ 1.0 
cos 8 -3 

+0.5 

0 

- 0.5 

COS 8+3 

-1.0 

0 
30 
8 

60 
-2 

90 

120 

9+2 

I50 
I80 

0 
30 
9-3 

60 

190 

120 

~ 150 ' 180 
0 0.2 0.4 0.6 0.8 1.0 

F 

TI GURF 5 ( con t inuc? ) 



a0 cu 
I 

It 

n 

0 
Y -- 

I /9 0' 0 

0 - 0 

Q, al 
I 

c 

0 
rr) 

I 

- 
m 
I 



. 

- 58 - 

v II I1 

N O\ 
II 

I1 

,.* 

c 

d- 
N 
I 

v) 
N 
I 

tD 
N 

I 

1c 
N 

I 

a0 
N 
I 

t- 
el 
I 

CD 
el 

I 

0 
(u 

1 

* 
N 

I 

2 
3 u 
H 
cL( 



~~ 

- 59 - 

c 

I .  I llllll I I I . . * -  

I 

- 
m 
1 

tu m 
I 

m 
m 

I 

e 
rr) 
I 



- 6 0  - 

I "T 0 M I 

n 

0 

(3 
0 
J 

- I 

2 '  
3~ 
(3 

L 
H 



- 61 - 

+I .o 

COS e, 
+0.5 

0 

+ 1.0 

+ 0.5 

cos e+* - 
0 

-0.5 

- I  .o 

2.3 2.4 
F 

0 
30 

8, 
60 

90 

+LO 

cos e+, - 
+ 0.5 

0 
30 

60 - 90 
2.3 2.4 

F 
0 

CYCLQTRON 
P= 2:25 

1 

10 

io 

3+2 - 
10 

20 

50 
.80 

F 

FIGURE 8 



+ 1.0 

+0.5 

+LO 

+0.5 

0 

- 0.5 

-1.0 

0 

-0.5 

CYCLOTRON \ 
Pc2.25 

/ 
0.169 

-1.0 
2.2 23 2.4 

F 

\ 

CYCLOTRON 
- P= 2.25 

0.169 - 
- 0.816 / . 

I I 

2.0 2'1 2- 2 2.3 2.4 

3 
30 

60 

4 3  

90 

120 

150 
180 

1 
30 

60 

90 

20 

150 
I80 



- 6 3  - 

? 

s: cu 

ln 
d cu 

0 
cu 

ln 
rc) cu 

0 
rc) cu 

ln cu cu 
d cu 
I 

In cu 
I 

+ 

- 

W cu 
I 

+ cu 
I 

c cu 

cu 
cu 

QD cu 
I 



- 64 - 
0 

0 
Y 
0, 
N cu 
(I 

..O 0 cu 

0 al 
I 

6i 
1 

CU cu 
I 

8 
I 

d- cu 
I 

m cu 
I 

CU cu 
I 

- cu 
I 

0 cu 
I 

>N 

T 

Q 
(3 
0 
J 



- 65 - 

. 

1 I 
(c QD Q, cu cu cu 
I I I 

H 
L 



- 66 - 
OCU 

II II 

u) 

0 
Q, 

cu 
I 

m cu 
I 

d- cu 
I 

IC) cu 
I 

(D cu 
I 

m cu 
I 

In cu 
I 

CD cu 
I 

c1 
0 
l-l 

H 
I 4  I 



H 
L 



I a 
I 

La 
V 
L!? 

- = '  3 

H 
Lr 


